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a b s t r a c t
Several different approaches to quantum gravity suggest the effective dimension of spacetime reduces
from four to two near the Planck scale. In light of such evidence, this Letter re-examines the
thermodynamics of primordial black holes (PBHs) in speciﬁc lower-dimensional gravitational models.
2
, while it is known no
Unlike in four dimensions, (1 + 1)-D black holes radiate with power P ∼ M BH
(2 + 1)-D (BTZ) black holes can exist in a non-anti-de Sitter universe. This has important relevance to the
PBH population size and distribution, and consequently on cosmological evolution scenarios. The number
of PBHs that have evaporated to present day is estimated, assuming they account for all dark matter.
Entropy conservation during dimensional transition imposes additional constraints. If the cosmological
constant is non-negative, no black holes can exist in the (2 + 1)-dimensional epoch, and consequently
a (1 + 1)-dimensional black hole will evolve to become a new type of remnant. Although these results
are conjectural and likely model-dependent, they open new questions about the viability of PBHs as dark
matter candidates.
© 2012 Elsevier B.V. Open access under CC BY license.

1. Introduction
It has long been known theories of gravitation have a much
simpler formulation in (2 + 1)-D [1–10] and (1 + 1)-D [11–28],
where associated quantum theories are exactly solvable [12].
A resurgence of interest in lower-dimensional physics has been
spurred by a conﬂuence of evidence that the effective dimensionality of spacetime may depend on the energy scale at which
interactions take place [29–44]. Instead of revealing extra dimensions at very short distances [45,46], it is conceivable that the
number of spatial dimensions decreases as the Planck length is
approached.
Dynamical or spontaneous dimension reduction has been studied in various contexts, mostly focusing on the energy-dependence
of the spacetime’s spectral dimension d s . The latter is the effective dimension seen by a diffusion process on the manifold
over some time σ , characterized by a probability return function P (σ ) [47,48]. The spectral dimension is formally deﬁned as
d log P (σ )
d s = −2 d log σ , which for ﬂat space is d s = 4 [47], indicating this
quantity is a probe of the underlying geometry. The causal dynamical triangulation approach was the ﬁrst to demonstrate the
spectral dimension decreases to d s = 2 as the energy scale increases [47]. This effect is replicated in a noncommutative-inspired
geometry [49], as well as through the anisotropic scaling factors
in Lifshitz gravity [48]. In each model, the described mechanism
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“hides” structure of the manifold at scales approaching the quantum regime, turning gravity into an effective lower-dimensional
theory.
From a string theory perspective, it has been shown that an
energy-dependent dimension emerges from a smooth transformation of a three-brane to a one-brane [51]. Similarly, this idea has
been extended to model a three-brane as a collection of onebranes at every point [52]. Alternate dimensional reduction scenarios include fractal spacetimes [39,50,56–59], with additional
approaches concerning new techniques in gauge coupling uniﬁcation [34] and a strong coupling expansion of the Wheeler–DeWitt
equation [35].
A geometric dimensional reduction framework was recently
proposed wherein a (d + 1)-dimensional spacetime is a recursive lattice-network of lower-dimensional substructures [30,31,29,
32,33]. Each has a fundamental length scale L k that becomes relevant at the energy E k ∼ L k−1 . This concept naturally addresses
the hierarchy problem, and provides a range of phenomenological signatures — including dimensionally-dependent scattering
cross-sections and gravitational wave frequency thresholds — that
could be observable in present or future experiments. The idea is
motivationally-similar to, but formally distinct from, the cascading
DGP scenarios previously discussed in the literature [53,54].
A lower-dimensional Planckian arena for gravity is thus natural and attractive. It is therefore important to fully understand
the roles of the spectral and geometric dimensions as they relate to gravitational phenomenology. Since the characteristics of
spacetime are unknown at quantum scales, one is tempted to take
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advantage of this ambiguity and interpret the spectral dimension
as the geometric dimension of the manifold. This presents several intriguing questions: is the universe itself effectively lowerdimensional at high energies? If so, how does the transition from
one dimension to another affect the dominant physics, and ideally
is it possible to observe evidence of such transitions?
Whatever the underlying framework, it will be assumed that
the quantum geometry is described semiclassically by an effective
(1 + 1)-D or (2 + 1)-D metric. In this Letter, the former case will be
represented by a dimensionally-reduced limit of Einstein gravity,
and the latter will employ the three-dimensional BTZ metric. Primordial black holes play a critical role in a range of early-universe
processes, from baryogenesis [60–62] to large-scale structure formation [63–66], and even potentially determining the entropy content of the universe [67]. Since PBHs are possible dark matter candidates [66,68–73], understanding their evolution and abundances
in dimensionally-reduced spacetimes can shed new light on this
dilemma of modern cosmology.
2. Lower-dimensional black hole thermodynamics
A number of models have addressed gravity in two-dimensional
spacetimes, all of which require the additional presence of a coupled scalar ﬁeld (see e.g. [26] for a comprehensive review). It has
been demonstrated that such general models will exhibit slightly
different temperatures depending in part on the nature of the dilaton coupling. A generic dilaton gravitational theory in two dimensions can be derived from the action

S=

1



2

d2 x

√



− ge −2φ R + 4a(∇φ)2 + Be 2(1−a−b)φ

α=

a−1

(2)

a

so a variety of possible temperature proﬁles are possible depending on the value of α .
For the purposes of the present discussion, however, the theory
of choice is one whose action is [19]


S2 =




d x − g ψ R − (∇ψ) + Lm − 2Λ ,
2

√
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2

2
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which can be derived as a dimensionally-reduced form of Ddimensional Einstein gravity. A strength of this model — and hence
the rationale for its use in this study — is that it is the best classical and semiclassical approximation for general relativity in the
2-D limit [19,20,23].1 On variation, the dilaton decouples from the
background and one obtains

R − Λ = 8π G 1 T ;

∇b T ab = 0





1
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2

+

dx2
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1
Ref. [28] also notes the favorability of Liouville gravity, whose solutions and
metric structure are virtually identical.

(6)

,

(7)

.

Here, M 0 is an arbitrary constant of integration with dimensions of
mass. When the product C Λ is reasonably small, the temperature
runs linearly with the mass: T 1 ∼ M BH .
In (d + 1) dimensions, the relation between the radiative power
of a black hole of mass M BH and temperature T d is described by
the generalized Stefan–Boltzmann law [75]

Pd =

dM
dt

d

= −σd A d−1 T dd+1 ,

(8)

where A d−1 ∼ r dH−1 is the horizon area and
black hole decay time is

0

τd =
M BH

dM

Pd

+1
σd ∼ kdBoltzmann
. The

(9)

.

It is well known that d = 3 black holes have a Hawking tempera−1
−2
ture T 3 ∼ M BH
and emit radiation as P3 ∼ M BH
.
There is a pathological issue in (1 + 1)-D that hinders the
calculation of (8). The radiative power is a function of the horizon area, which in this case is ill-deﬁned. It has recently been
shown this problem may be circumvented by re-interpreting the
d-dimensional area in terms of holographic information bits A d =
N bits G d+1 , where N bits is an intrinsic bit-count on the horizon
[55]. In the case of a two-dimensional black hole, the horizon
consists of antipodes and the bit-count is constant. The energy
radiated from a generic (1 + 1)-D black hole with temperature
(2) is thus P1 (α ) ∼ M 2α , which in the case considered herein
is P1 ∼ σ1 G 1 M 12 . As expected, more massive PBHs will radiate
away quicker than smaller ones, which can subsequently lead to
a model-speciﬁc population distribution different from (3 + 1)-D
models.
In (2 + 1)-D, the conformal tensor vanishes and the Riemann
tensor can be written uniquely in terms of R μν and R. The BTZ
metric solution and temperature are [4,5,9]:

(4)

as the effective ﬁeld equations. This model guarantees a conserved
stress–energy tensor, which is a desired consequence that enhances the traditional Jackiw action [13] (corresponding to (a = 0,
b = 1) in (1), with the general transformation e −2φ → ψ ). This
theory also has a one-dimensional Newtonian limit, and can be
generalized to the case of a (1 + 1)-dimensional non-commutative
geometry [74].

(5)

(− 12 Λx2 + 2G 1 M |x| − C )

where R and T are the Ricci and energy–momentum scalars, G 1 is
the one-dimensional gravitational constant, r1 ≡ |x H | and C is an
arbitrary constant of integration [16]. The black hole’s entropy and
Hawking temperature are respectively

(1)

where the coeﬃcients a, b, and B depend on the model in question
(see [26] for details). For minimally-coupled ﬁelds, one ﬁnds the
Hawking temperature to be
α ,
T (α ) ∼ M BH

The solution to (4) is

ds22 = − G 2 M + Λr 2 dt 2 +
T2 =

dr 2
G 2 M + Λr 2

−G 2 M Λ

,

(10)
(11)

where Λ = − −2 deﬁnes the anti-de
 Sitter scale. Since the temperature (11) and the horizon r H =

M BH
− G 2Λ
are explicitly dependent

on the cosmological constant, this introduces the curious sideeffect that there are no black holes in (2 + 1) dimensions unless
the spacetime is anti-de Sitter. Furthermore, from the parameters
given in (11), the lifetime is inﬁnite unless there is a lower cut-off
mass for the black hole stemming from quantum gravity effects.
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In both cases considered above, new aspects of PBH physics
are introduced by the idea of dimensional evolution. For the twodimensional case, PBH population distributions can shift due to the
radiative power’s quadratic mass dependence, which would lead
to a fewer large black holes and a higher number of microscopic
ones. In three dimensions, the vanishing of the temperature would
halt the evaporation process during this epoch. Although extremely
speculative, a dimensional evolution scenario provides several distinct consequences that could in principle inﬂuence early-universe
mechanisms that rely on PBH populations.
3. PBH remnants from evaporation
The end stage of black hole evaporation is not well understood
when the horizon size approaches the scale at which quantum
gravity becomes important. One possibility that cannot be ruled
out is that there are stable remnants [76–79]. As a (3 + 1)-D PBH
radiates away, it will shrink to the point where its horizon size becomes commensurate with the length scale L 2 at which the spectral dimension reduces. If Λ  0, an evaporating PBH will enter
this domain and become a remnant with mass M remnant = L 2 /2G 3 .
If this transition occurs at the terascale, one ﬁnds M remnant =
1032 TeV, or 108 kg.
According to standard black hole thermodynamics, at present
all PBHs of mass M BH  1012 kg will have evaporated. If these exclusively account for the mass of dark matter M DM (an overly simplistic but straightforward scenario), the total number can be estimated as N PBH ∼ M DM /108 kg. The mass of the visible universe is
on the order of 1052 –1054 kg [80], and with a dark matter content
of roughly 20% [81] it can be deduced there are N PBH ∼ 1045 –1047
such remnants.
This situation — evaporating black holes in a (3 + 1)-D universe that eventually reach the (2 + 1)-D threshold — could be
called a “top-down” evolution process. What might have happened
to PBHs created in an initially lower-dimensional universe, which
survived long enough to make the transition to a higher dimension
(i.e. “bottom-up” evolution)? The exact form of the population distribution would depend on the cosmological model employed. In a
standard Friedmann universe, the mass of a PBH created t seconds
3
following the Big Bang is M ∼ cG t [70], which assumes the event
3
horizon is on the order of the particle horizon.
If the number of spacetime dimensions is lower in an earlier epoch, this relationship must be modiﬁed. Such calculations
are left for future works. Assuming continuity of the behavior
across dimensional transitions, however, one can make some initial statements about the PBH population distribution just prior
to the four-dimensional era. The temperature t seconds after the
Big Bang in a purely (3 + 1)-D relativistic model drops as T (t ) ∼
10−6 t −1/2 TeV, and so t TeV ∼ 10−12 s. The maximum mass of a
PBH created at a terascale (2 + 1) → (3 + 1)-D “transition” is thus
M PBH ∼ 1023 kg, which would evaporate in the standard fashion
and still be present in today’s universe. The age of the universe
when the (1 + 1) → (2 + 1)-D shift occurred (at scales of at least
100 TeV [30]) would be approximately t 100 TeV ∼ 10−16 s, allowing
PBHs of mass M ∼ 1019 kg to have been created at this stage.
Ref. [82] provides speciﬁc insight into the thermodynamics of
black holes from the perspective of spectral dimension reduction
in CDT-like scenarios. Consistent with the above conclusion, it is
demonstrated that evaporation ceases once the spectral dimension
becomes (2 + 1). The remnant is deﬁned for observers outside the
horizon in the sense that they cannot probe the internal structure
of the black hole, and thus cannot observe any further dimensional reduction behavior that may occur at scales smaller than
the horizon. Observers who are interior to the horizon will be able
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to detect this dimensional reduction, but universally all observers
are limited to resolutions no less than (1 + 1)-D. A full thermodynamical analysis of this model would help shed light on associated
PBH creation, evaporation, and population statistics.
4. PBH remnants from entropy conservation
The concept of dimensional transition and its effects are not
well understood, and are likely highly model-dependent. Since the
thermodynamic properties of black holes depend on the spacetime dimension in which they live, the transition itself may introduce a new type “remnant”. Traditionally, this term refers to
a non-thermal end-stage of black hole evaporation. The spirit of
this deﬁnition is upheld in the mechanism discussed in Section 3.
In the following section, however, “remnant” will refer to an object which is a black hole in d-dimensional spacetime, but not
in (d + 1) dimensions. Although the exact phenomenology arising from a dimensional transition depends largely on the underlying mechanism, rudimentary assumptions can still be made about
the behavior of a PBH as it crosses the d → (d + 1)-D boundary.
Let the entropy of the PBH in d dimensions be S d , and the entropy of the “evolved” PBH in (d + 1) dimensions S d+1 . Assuming
such evolution is adiabatic, one may conjecture a non-decreasing
entropy for the corresponding PBHs, S d  S d+1 . A “dimensional
remnant” in (d + 1) dimensions is an object having the same mass
M as the d-dimensional black hole, but whose entropy sd+1 ( M )
is not maximized according to the area law. These quantities thus
satisfy the general relation

S d ( M )  sd+1 ( M ) < S d+1 ( M ),

(12)

where the object is a black hole if (and only if) its entropy is S d+1 .
Conversely, neither remnants nor black holes form if S d > S d+1 >
sd+1 .
The above prescription requires some elaboration. Due to the
presence of Λ in the deﬁning characteristics of (2 + 1)-D black
holes, the only possible scenario in which such objects could
consistently exist across dimensional transitions is when each
spacetime is anti-de Sitter. If Λ  0, black holes only exist in
(1 + 1)-D and (3 + 1)-D, but not (2 + 1)-D. To maintain BHs in
the three-dimensional epoch, a mechanism must be introduced
to map Λ → −Λ (provided Λ = 0). Although no such process is
known, a recent proposal suggests a framework for producing an
effectively-positive cosmological constant on semiclassical scales
from a wavefunction deﬁned in a space with Λ < 0 [83].
The spacetimes that contribute to PBH formation and dimensional remnants will therefore be (1 + 1)- and (3 + 1)-D. A PBH
created in the former era will survive into the latter provided
S 4  S 2 . Remnants are created when s4 < S 4 and s4  S 2 . If the
entropy condition is not met (i.e. if S 2 > S 4 ), no PBHs can form.
The remnant must satisfy S 4 > s4 , but since this implies S 2 > s4 ,
the process is unphysical (entropy has decreased) and no remnant
forms.
From the expressions in Section 2, one can explicitly calculate
the bound


S2  S4

⇒

ln

2G 1 M PBH
M0




2
G 23 M PBH
2
P

,

(13)

up to overall constant factors. Adopting the Myers–Perry deﬁnition
of the d-dimensional gravitational constant,

G d = 2π

1− d2

 
Γ

d

1

2

M Pl

d−1
(14)
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6. Open questions and future directions

Fig. 1. An idealized representation of the gravitational entropies S 2 (γ ) = ln(γ M )
and S 4 = M 2 , where G 3 = P = h̄ = 1 and γ = 4π M 0−1 . As M 0 decreases,
a parameter-dependent region is introduced in which the inequality (13) is violated.
This threshold occurs at γ ≈ 2.332 (M 0 ≈ 5.39).

−2
one can assign G 1 = 2π and G 3 = M Pl
. The above inequality is
then


ln

4π M PBH
M0




2
M PBH
2
4
P M Pl

.

(15)

Two situations arise, depending on the value of M 0 . First, the
inequality (13) is always satisﬁed, and the PBH mass must be
M
M PBH > 4π0 so that S 2 > 0. Second, there may be a range of black
hole masses M PBH ∈ [ M 1 , M 2 ] (between the intersection points
where S 2 = S 4 ) for which S 2 > S 4 and the general condition (12)
is violated (see Fig. 1).
The fate of these remnants, as well as any mass distribution
that does not meet the proposed criteria (12) is unknown and requires further investigation. The process described in the following
section, however, may be one possible result.
5. PBH electroweak bursts at dimensional transition
In addition to remnants, dimensional transition may lead to
alternate end-stages for PBHs. When these objects cross into
the (3 + 1)-D universe, their temperature increases dramatically. If this exceeds the electroweak symmetry breaking scale of
T EW ∼ 200 GeV, baryon number violating SU (2) × U (1) processes
become unsuppressed and the possibility of electroweak burning
exists. This scenario is similar to the recent proposal in the literature [84] of “electroweak stars”, in which the EW “thermal”
pressure balances the inward gravitational collapse of a stellar
body. In this event, the PBH (or its remnant described in Section 4) would evaporate instead in an electroweak burst, whereby
quarks are converted into leptons. Detection of such explosions
could therefore provide support for the mechanisms proposed in
this Letter.

If Planck-scale physics is indeed set against an effective lowerdimensional background, the consequences are numerous and
potentially testable. The resulting shift in PBH population density may well have an impact on structure formation, if PBHs
are dark matter candidates. A logical future extension of this
proposal would address the impact on Reissner–Nordström and
Kerr–Newmann PBHs. Alternate but critical consideration must be
paid to the population statistics and mechanisms of PBH formation in a lower-dimensional arena, including quantum ﬂuctuation
characteristics and BH pair production rates [85].
Other outstanding questions remain. If the proposal [29,32] is
correct and dimensions are indeed “evolving”, it is possible the
universe will eventually become (4 + 1)-D. Has it potentially done
so already, and is there evidence to support this contention? Indeed, such a spacetime at distances on the order of the Hubble
length has been suggested [53], which could act as a potential
geometric solution to the dark energy problem [29,44]. Since the
characteristic length scale exceeds any potential horizon radius, it
is perhaps unlikely that this has interesting consequences insofar
as black holes are concerned.
Alternatively, evidence of a higher-dimensional spacetime could
be imprinted in the large-scale distribution of galaxies. At least locally, the number density of galaxies N ∼ r D F is well-described
as a fractal with D F = 2, which is consequently a signature of
the distribution’s geometry: in this case, it scales as an area.
It has been suggested that this is a holographic-like manifestation of an underlying gravitational theory: the number density
of galaxies scales as the boundary of the volume in which they
reside, N (r ) ∼ ∂ V (r ) [86]. The D F = 2 fractal scaling does not
convincingly extend to the largest of redshifts, however, with
transitions to homogeneity (D F = 3) beginning somewhere between 100–1000 Mpc. Combining the idea of dimensional evolution with fractal holography, this change in clustering behavior might simply reﬂect a transition to a higher-dimensional volume.
Lastly, an intriguing consequence of dimensional evolution is
the potential observation of fractional dimensions governing gravitational physics. The notion of a fractal spectral dimension is not
new, and some related phenomenology has been considered in
the literature. These include fractional black hole horizon areas
[87] and “un”-spectral dimensional reduction [88] from a quantum
gravitational perspective, as well as the range of quantum ﬁeld
theory modiﬁcations discussed in references [39,47–49,56–59]. Detection of non-integer spectral dimensions would certainly lend
support to reduction/evolution theories such as those discussed
herein. Probing higher energies may one day reveal such results,
provided the transition occurs in a time t > L n,n+1 constrained by
the energy scale E n,n+1 ∼ L n−,1n+1 .
Regardless of the possible dimensional reduction mechanism,
the proposals addressed in this Letter can ultimately lead to a new
and fascinating understanding of primordial cosmology. If borne
out by observation, such key evidence of a dynamical spacetime
dimension would represent a tantalizing new perspective on the
evolution and fundamental structure of the universe in which we
live.
Acknowledgements
This work was completed in part at the University of Trieste,
the Frankfurt Institute for Advanced Studies, and the Perimeter Institute for Theoretical Physics. The author thanks Euro Spallucci,
Piero Nicolini, and Niayesh Afshordi for insightful discussions and
their hospitality at those respective institutions. Thanks are also

J.R. Mureika / Physics Letters B 716 (2012) 171–175

extended to Steve Carlip, Greg Landsberg, Robert Mann, and Dejan Stojkovic for providing helpful suggestions on earlier versions
of the manuscript.
References
[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]

[42]
[43]

J.R. Gott, M. Alpert, Gen. Relativ. Gravit. 16 (1984) 243.
J.R. Gott, J.Z. Simon, M. Alpert, Gen. Relativ. Gravit. 18 (1986) 1019.
B. Reznik, Phys. Rev. D 45 (1992) 2151.
M. Bañados, C. Teitelboim, J. Zanelli, Phys. Rev. Lett. 69 (1992) 1849, arXiv:hepth/9204099.
M. Bañados, M. Henneaux, C. Teitelboim, J. Zanelli, Phys. Rev. D 48 (1993) 1506,
arXiv:gr-qc/9302012.
B. Reznik, Phys. Rev. D 51 (1995) 1728, arXiv:gr-qc/9403027.
V. Husain, Phys. Rev. D 52 (1995) 6860, arXiv:gr-qc/9511003.
G. Clément, Phys. Rev. D 68 (2002) 024032, arXiv:gr-qc/0301129.
S. Carlip, 2 + 1-Dimensional Quantum Gravity, Cambridge University Press,
2003.
L. Ortíz, M.P. Ryan, Gen. Relativ. Gravit. 39 (2007) 1087, arXiv:gr-qc/0702127.
P. Collas, Am. J. Phys. 45 (1977) 833.
S. Rajeev, Phys. Lett. B 113 (1982) 146.
R. Jackiw, in: S. Christensen (Ed.), Quantum Theory of Gravity, Adam Hilger,
Bristol, 1984, p. 403;
D. Cangemi, R. Jackiw, Phys. Rev. Lett. 69 (1992) 233.
J.D. Brown, M. Henneaux, C. Teitelboim, Phys. Rev. D 33 (1986) 319.
J. Gegenberg, P.F. Kelly, R.B. Mann, D. Vincent, Phys. Rev. D 37 (1988) 3463.
R.B. Mann, A. Shiekh, L. Tarasov, Nucl. Phys. B 341 (1990) 134.
R.B. Mann, A. Sikkema, Class. Quant. Grav. 8 (1991) 219.
J.D. Christensen, R.B. Mann, Class. Quant. Grav. 9 (1992) 1769, arXiv:hepth/9203050.
R.B. Mann, S.F. Ross, Class. Quant. Grav. 10 (1993) 1405, arXiv:gr-qc/9208004.
K.C.K. Chan, R.B. Mann, Class. Quant. Grav. 10 (1993) 913, arXiv:gr-qc/9210015.
R.B. Mann, Nucl. Phys. B 418 (1994) 231, arXiv:hep-th/9308034.
M.O. Katanaev, W. Kummer, H. Liebl, Nucl. Phys. B 486 (1997) 353, arXiv:grqc/9602040.
R.B. Mann, D. Robbins, T. Ohta, Phys. Rev. Lett. 82 (1999) 3738.
R. Balbinot, A. Fabbri, V.P. Frolov, P. Nicolini, P. Sutton, A. Zelnikov, Phys. Rev.
D 63 (2001) 084029, arXiv:hep-th/0012048.
R. Balbinot, A. Fabbri, P. Nicolini, P.J. Sutton, Phys. Rev. D 66 (2002) 024014,
arXiv:hep-th/0202036.
D. Grumiller, W. Kummer, D.V. Vassilevich, Phys. Rept. 369 (2002) 327,
arXiv:hep-th/0204253.
D. Grumiller, R. Meyer, Turk. J. Phys. 30 (2006) 349, arXiv:hep-th/0604049.
D. Grumiller, R. Jackiw, Liouville gravity from Einstein gravity, arXiv:0712.3775
[gr-qc].
L. Anchordoqui, D.C. Dai, M. Fairbairn, G. Landsberg, D. Stojkovic, Mod. Phys.
Lett. A 27 (2012) 1250021, arXiv:1003.5914 [hep-ph].
J.R. Mureika, D. Stojkovic, Phys. Rev. Lett. 106 (2011) 101101, arXiv:1102.3434
[gr-qc].
J.R. Mureika, D. Stojkovic, Phys. Rev. Lett. 107 (2011) 169002, arXiv:1109.3506
[gr-qc].
L.A. Anchordoqui, D.C. Dai, H. Goldberg, G. Landsberg, G. Shaughnessy, D. Stojkovic, T.J. Weiler, Phys. Rev. D 83 (2011) 114046, arXiv:1012.1870 [hep-ph].
D. Stojkovic, Rom. J. Phys. 57 (2012) 210.
D.V. Shirkov, Part. Nucl. Lett. 7 (2010) 625, arXiv:1004.1510 [hep-th].
S. Carlip, in: George Ellis, Jeff Murugan, Amanda Weltman (Eds.), Foundations
of Space and Time, Cambridge University Press, 2011.
J.F. Nieves, Int. J. Mod. Phys. A 26 (2011) 5387, arXiv:1105.2546 [hep-ph].
Y.N. Obukhov, A.J. Silenko, O.V. Teryaev, Phys. Rev. D 84 (2011) 024025,
arXiv:1106.0173 [hep-th].
L. Modesto, Super-renormalizable quantum gravity, arXiv:1107.2403 [hep-th].
G. Calcagni, JHEP 1201 (2012) 065, arXiv:1107.5041 [hep-th].
M.A. Garcia-Aspeitia, A geometric solution for dark energy: Vanishing dimensions, arXiv:1109.5127 [gr-qc].
H.-J. He, Z.-Z. Xianyu, Unitary higgsless and higgsful Standard Models from
spontaneous dimensional reduction and weak boson scattering at the LHC,
arXiv:1112.1028 [hep-ph].
M. Rinaldi, Class. Quant. Grav. 29 (2012) 085010, arXiv:1011.0668 [astroph.CO].
M. Rinaldi, Mod. Phys. Lett. A 27 (2012) 1230008, arXiv:1201.4543 [gr-qc].

175

[44] G.A.M. Angel, An alternative solution to the cosmological constant problem,
arXiv:1011.4334 [gr-qc].
[45] N. Arkani-Hamed, S. Dimopoulos, G.R. Dvali, Phys. Rev. D 59 (1999) 086004,
arXiv:hep-ph/9807344;
I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, G.R. Dvali, Phys. Lett. B 436
(1998) 257, arXiv:hep-ph/9804398;
N. Arkani-Hamed, S. Dimopoulos, G.R. Dvali, Phys. Lett. B 429 (1998) 263,
arXiv:hep-ph/9803315.
[46] L. Randall, R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690, arXiv:hep-th/9906064;
L. Randall, R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370, arXiv:hep-ph/9905221.
[47] R. Loll, Nucl. Phys. B (Proc. Suppl.) 94 (2001) 96, arXiv:hep-th/0011194;
J. Ambjorn, J. Jurkiewicz, R. Loll, Phys. Rev. D 72 (2005) 064014, arXiv:hepth/0505154;
J. Ambjorn, J. Jurkiewicz, R. Loll, in: D. Oriti (Ed.), Approaches to Quantum Gravity, Cambridge University Press, 2006, arXiv:hep-th/0604212.
[48] P. Horava, Phys. Rev. Lett. 102 (2009) 161301, arXiv:0902.3657 [hep-th].
[49] L. Modesto, P. Nicolini, Phys. Rev. D 81 (2010) 104040, arXiv:0912.0220 [hepth].
[50] P. Nicolini, E. Spallucci, Phys. Lett. B 695 (2011) 290, arXiv:1005.1509 [hep-th].
[51] C. Callan, J. Maldacena, Nucl. Phys. B 513 (1998) 198, arXiv:hep-th/9708147.
[52] N. Constable, R. Myers, O. Tafjord, Phys. Rev. D 61 (2000) 106009, arXiv:hepth/9911136.
[53] G. Dvali, G. Gabadadze, M. Porrati, Phys. Lett. B 485 (2000) 208, arXiv:hepth/0005016.
[54] C. de Rham, G. Dvali, S. Hofmann, J. Khoury, O. Pujolas, M. Redi, A.J. Tolley,
Phys. Rev. Lett. 100 (2008) 251603, arXiv:0711.2072 [hep-th].
[55] R.B. Mann, J.R. Mureika, Phys. Lett. B 703 (2011) 167, arXiv:1105.5925 [hep-th].
[56] G. Calcagni, Phys. Lett. B 697 (2011) 251, arXiv:1012.1244 [hep-th].
[57] G. Calcagni, Phys. Rev. D 84 (2011) 061501, arXiv:1106.0295 [hep-th].
[58] G. Calcagni, Geometry of fractional spaces, arXiv:1106.5787 [hep-th].
[59] M. Arzano, G. Calcagni, D. Oriti, M. Scalisi, Phys. Rev. D 84 (2011) 125002,
arXiv:1107.5308 [hep-th].
[60] M.S. Turner, Phys. Lett. B 89 (1979) 155.
[61] J.D. Barrow, E.J. Copeland, E.W. Kolb, A.R. Liddle, Phys. Rev. D 43 (2001) 984.
[62] N. Upadhyay, P. Das Gupta, R.P. Saxena, Phys. Rev. D 60 (1999) 063513,
arXiv:astro-ph/9903253.
[63] P. Mészáros, Astron. Astrophys. 38 (1975) 5.
[64] B.J. Carr, Astron. Astrophys. 56 (1977) 377.
[65] B.J. Carr, J. Silk, Astrophys. J. 268 (1983) 1.
[66] N. Afshordi, P. McDonald, D.N. Spergel, Astrophys. J. 594 (2003) L71, arXiv:
astro-ph/0302035.
[67] Y.B. Zel’dovich, A.A. Starobinskii, J. Exp. Theor. Phys. Lett. 24 (1976) 571.
[68] B.J. Carr, S.W. Hawking, Mon. Not. Roy. Astron. Soc. 168 (1974) 399.
[69] B.J. Carr, Astrophys. J. 201 (1975) 1.
[70] B.J. Carr, K. Kohri, Y. Sendouda, J. Yokoyama, Phys. Rev. D 81 (2010) 104019,
arXiv:0912.5297 [astro-ph].
[71] P.H. Frampton, JCAP 0910 (2009) 016, arXiv:0905.3632 [hep-th].
[72] P.H. Frampton, M. Kawasaki, F. Takahashi, T. Yanagida, JCAP 1004 (2010) 023,
arXiv:1001.2308 [hep-ph].
[73] R.B. Mann, P. Nicolini, Phys. Rev. D 84 (2011) 064014, arXiv:1102.5096 [gr-qc].
[74] J.R. Mureika, P. Nicolini, Phys. Rev. D 84 (2011) 044020, arXiv:1104.4120 [grqc].
[75] H. Alnes, F. Ravndal, I.K. Wehus, J. Phys. A 40 (2007) 14309, arXiv:quantph/0506131.
[76] Y. Aharonov, A. Casher, S. Nussinov, Phys. Lett. B 191 (1987) 51.
[77] S. Giddings, Phys. Rev. D 49 (1994) 947, arXiv:hep-th/9304027.
[78] P. Nicolini, A. Smailagic, E. Spallucci, Phys. Lett. B 632 (2006) 547, arXiv:grqc/0510112.
[79] P. Nicolini, Int. J. Mod. Phys. A 24 (2009) 1229, arXiv:0807.1939 [hep-th].
[80] J.R. Mureika, R.B. Mann, Mod. Phys. Lett. A 26 (2011) 171, arXiv:1005.2214 [grqc].
[81] N. Jarosik, et al., arXiv:1001.4744 [astro-ph.CO].
[82] S. Carlip, D. Grumiller, Phys. Rev. D 84 (2011) 084029, arXiv:1108.4686 [gr-qc].
[83] J.B. Hartle, S.W. Hawking, T. Hertog, Accelerated expansion from negative Λ,
arXiv:1205.3807 [hep-th].
[84] D.-C. Dai, A. Lue, G. Starkman, D. Stojkovic, JCAP 1012 (2010) 004, arXiv:
0912.0520 [hep-ph].
[85] J.R. Mureika, P. Nicolini, in preparation.
[86] J.R. Mureika, JCAP 0705 (2007) 021, arXiv:gr-qc/0609001.
[87] P. Gaete, J.A. Helayel-Neto, E. Spallucci, Phys. Lett. B 693 (2010) 155, arXiv:
1005.0234 [hep-ph].
[88] P. Nicolini, E. Spallucci, Phys. Lett. B 695 (2011) 290, arXiv:1005.1509 [hep-th].

