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Calcium (Ca) plays an important role in regulating various cellular processes. In a variety of cell types, Ca
signaling occurs within microdomains where channels deliver localized pulses of Ca activating a nearby
collection of Ca-sensitive receptors. The small number of channels involved ensures that the signaling process
is stochastic. The aggregate response of several thousand of these microdomains yields a whole-cell response
which dictates the cell behavior. Here, we study the statistical properties of a population of these microdomains
in response to a trigger signal. We use a first-passage-time approach to show analytically how Ca release in the
whole cell depends on properties of Ca channels within microdomains. Using these results we explain for the
first time the underlying mechanism for the graded relationship between Ca influx and Ca release in cardiac

cells.

DOI: 10.1103/PhysRevE.76.051920

INTRODUCTION

The use of Ca-sensitive receptors is ubiquitous in the de-
sign of signal transduction processes [1]. A basic feature of
this design is the distribution of localized regions near the
cell surface called Ca microdomains [2], where Ca-
permeable channels on the cell membrane are positioned ad-
jacent to Ca-sensitive receptors within the cell. Signaling oc-
curs when a channel on the membrane delivers a small
amount of extracellular Ca into the microdomain; the subse-
quent rise of the local Ca concentration “triggers” the nearby
receptor channels to release large amounts of Ca from en-
closed Ca stores within the cell. In this way, a trigger input
can induce a large response signal, stimulating downstream
cellular processes. This architecture is utilized in cardiac
cells where voltage-sensitive L-type Ca channels (LCC) on
the cell membrane trigger the opening of a cluster of Ca-
sensitive ryanodine receptor (RyR) channels [3] signaling
cell contraction. A similar architecture is found at synaptic
endings in neurons, where localized pulses of Ca signal
transmitter release [2].

Experimental studies in cardiac cells have shown that the
total amount of Ca released into the cell is smoothly graded
with respect to the total Ca entering the cell via LCCs [3,4].
This response, termed “graded release,” is a central feature
of the coupling between membrane voltage and intracellular
Ca [3]. Although it is well established that variable local
activation of microdomains allows for a variable release [5],
to date it is not understood how the stochastic signaling be-
tween LCCs and RyR clusters relates to macroscopic graded
release. Computer simulation studies [6-10] of large num-
bers of stochastic microdomains can replicate graded release.
However, these numerical studies do not shed light on the
mechanisms which underly graded release. Additionally, the
dynamics of RyR-like Ca-sensitive channel clusters have
been examined [11-13], but only in the context of spontane-
ous self-activation without an independent trigger. In this
paper we analyze the stochastic interaction between trigger-
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ing LCCs and Ca-sensistive RyR clusters. We treat the ag-
gregate of microdomains in a cell as a stochastic ensemble,
and derive an accurate analytical expression relating the in-
flux of Ca to the total amount of intracellular Ca released due
to the dynamics of Ca channel clusters. Our analytical results
reproduce the experimental features of graded release, and
explicitly show how trigger-response relationships, critical to
cell function, are related to the stochastic interaction of ion
channels.

PHYSICAL MODEL

The basic architecture of Ca signaling in cardiac cells is
shown schematically in Fig. 1(a). Here, the signaling occurs
within microdomains where a few (1-5) voltage-sensitive
LCCs on the cell membrane are in close proximity to a clus-
ter of 50-200 Ca-sensitive RyRs [3]. The RyRs gate the flow
of Ca from the sarcoplasmic reticulum (SR), an internal Ca
store with a concentration roughly 10* times greater than in
the cytosol (the volume of the cell outside of the SR). Each
microdomain is roughly shaped like a pill box of height
~10 nm and diameter ~100 nm; a typical cardiac cell has
~10* microdomains distributed throughout the cell.

To model ion channels within the microdomain we use a
Markov state approach as illustrated in Fig. 1(b). The single
channel properties of LCCs have been studied extensively
[14]; here we model a single LCC using two closed states
which can transition to a Ca-permeable open state [24]. The
membrane voltage (V) dependence of LCCs appears in the
transition rates between closed states [a;(V), B1(V)], while
transition rates to and from the open state (« and B) are
voltage independent.

The basic properties of the activation kinetics of RyRs are
known [15], and it is believed that the open probability is
regulated by several Ca binding sites acting cooperatively on
the receptor. Here, we employ a minimal model that incor-
porates these essential features, using an opening rate k,c?
with a nonlinear Ca dependence (c denotes the local micro-
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FIG. 1. (a) llustration of Ca-mediated signaling between LCC
and RyR channels in cardiac cells. Ca is injected into the cell via the
LCCs and triggers the opening of RyR channels in the immediate
vicinity. (b) Markov state models for LCC (left) and RyRs (right).
The vertical dots indicate many (~50-200) RyRs; horizontal dots
represent possible deeper states.

domain Ca concentration) and a constant closing rate k.. A
model with similar activation kinetics is used in a previous
numerical study by Stern et al. [9]. Since the interaction
between LCCs and RyRs is dominated by the activation ki-
netics, we have neglected the deeper states in the Markov
scheme which describe slower inactivation and recovery pro-
Cesses.

When a cardiac cell is stimulated, the rise of the mem-
brane voltage leads to a dramatic increase in the open prob-
ability of LCCs. The subsequent Ca entry into the cell in-
duces Ca release via RyR channels. High resolution optical
imaging of Ca [16] in cardiac cells confirms local elevations
in Ca, referred to as Ca “sparks” which correspond to the
triggered release of Ca from the SR. In our model, a Ca spark
is activated when an LCC opening leads to a rise in micro-
domain Ca and an initial opening of a few RyR channels,
which is sufficient to induce further openings of the RyRs in
the cluster. This process is autocatalytic owing to the large
Ca concentration gradient across the RyR channels. We say
that a spark has occurred when a substantial fraction of the
RyR channels in the cluster have opened. However, it is im-
portant to note that from the experimental standpoint, it is
not known exactly how many RyR channels need to open to
induce this autocatalytic process. In this study we assume
that roughly 10 of the 50-200 RyR channels need to open in
order to induce a Ca spark. A more general treatment, where
this restriction is relaxed, will be addressed in a forthcoming
publication.

The collective effect of these individual sparks is a rise in
global cell Ca. Although local Ca spark amplitudes may vary
among microdomain sites, they are known to be relatively
constant at a given site due to local geometry of the micro-
domain and the size of the RyR cluster [16]. For a large
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number of microdomains, the interdependence of Ca release
and the whole cell current is dictated by the number of re-
lease events recruited [5,17].

THEORETICAL MODEL

Here we consider the sequence of local events by which a
quiescent microdomain is induced to spark in response to an
LCC opening, and relate those events to the whole-cell re-
sponse. If we denote ANg to be the total number of new
sparks recruited in the cell during a small time interval At,
then

ANS: NdpclaAtPS(iCa): (1)

where Ny is the number of microdomains in the cell; Pc At
is the probability that an LCC initially found in the final
closed state C; (with probability Pcl) will transition to the
open state O (at rate @) in time interval At; and Pglic,)
denotes the probability that the LCC opening will trigger a
spark in response to the influx of a Ca current of magnitude
ica- The key quantity relating local channel interactions to
the whole-cell response is then the rate of spark recruitment
Rs=ANg/At, which depends on the trigger-response interac-
tion described by Pg

To compute Pg we first note that Ca ions inside the cell
diffuse in the range ~50-300 um?/s [18], and thus equili-
brate over the length scale (~0.1 wm) of the microdomain
much faster (~0.01 ms) than the typical channel transition
times (~1 ms). Fast diffusion yields

C%CO+(T/U)(niRyR+ kiCa), (2)

where ¢, is the resting Ca concentration outside of the mi-
crodomain of volume v; 7 is the time constant of diffusion
out of the microdomain; n and k are the number of open RyR
and LCC channels, respectively; and igg and ic, are the
fluxes, in ions per unit time, through the respective single
open channels. We set igr=0Cy, valid for small ¢, where g
is the conductance of a single RyR channel and cg is the Ca
concentration in the SR. Both the current i, through an open
LCC as well as the channel kinetics are dependent on mem-
brane voltage; the LCC open time t’ has the exponential
distribution

fo(t’) = Bexp(- Bt'). @)

Since there are only a few LCCs in the microdomain, each
with small open probability [14], we simplify the system
further by assuming only one LCC in each microdomain, so
that k=0 or 1.

To describe the state n of the RyR cluster we implement a
master equation approach [12,19] for the probability P(n,t)
that n out of N total RyR channels in the cluster are open.
This is given by

dpé’t"t) =r,(n-1P(n-1,t) +r_(n+1)P(n+1,t)

= [ri(n) +r_(n)]P(n,t), (4)
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FIG. 2. Effective potential landscape U(x) corresponding to
closed (k=0; dashed line) or open (k=1; solid line) LCC. Inset:
Barrier near origin disappears when ic, is large enough. Parameters
here are ic;=0.06 pA, g=0.520 um®s™t and c,=5 uM.

with the forward transition rate r,(n)=k,c2(N-n) and back-
ward transition rate r_(n)=k_n. Note that the Ca concentra-
tion c regulating the forward rate is itself a function of n, the
number of open RyR channels [see Eq. (2)]. Thus r.(n) is a
third-degree polynomial in the number of open channels n,
and a spark occurs when n rapidly approaches N.

ANALYTICAL SOLUTION BASED
ON FIRST PASSAGE TIME

We seek a solution that describes the response of the RyR
cluster, governed by Eq. (4), to a stochastic trigger signal,
governed by Eqg. (3). For large N, we can use well-known
approximation methods [20] to reduce the one-step (birth-
death) process to its corresponding Fokker-Planck equation
(FPE), which we can write, in terms of the fraction x=n/N of
open channels, as

apxt) 1
o = 0P 0]+ e 5 Th(op( D], (5)

with drift coefficient f(x)=[r,(Nx)-r_(Nx)]/N and diffusion
coefficient h(x)/N=[r,(Nx)+r_(Nx)]/N2. The diffusion term
scales as 1/N implying the increasingly deterministic nature
with larger cluster size [21].

The equivalent Langevin description corresponding to this
FPE implies time evolution of the mean open fraction (x)

dictated by the equation %zf«x)). Therefore f(x)=0 deter-
mines the stationary points of x. The deterministic compo-
nent of the dynamics can be conveniently visualized in terms
of a potential U(x)=-/3f(x")dx’ as shown in Fig. 2. The
dynamics of spark activation occurs when x is small; in this
regime f(x) is well approximated by a quadratic f(x)=o
+ux+k,g?x% where, using Eq. (2), o=k,s* and w=-k_
+2k,gs, and where q=N(7/v)gcyq and s=c,+(7/v)Kica.

In order to compute the probability of sparking it is nec-
essary to evaluate the effect of an LCC opening on the po-
tential landscape, whose form follows two scenarios:

Scenario I: k=0 (the upper trace in Fig. 2) which corre-
sponds to the LCC being closed in a microdomain, so that
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the parameter s=c, (a small background concentration), and
therefore «<<0 and the quadratic equation f(x)=0 has two
positive solutions. There is a stable solution xaz(k+/lc)c§
close to zero, corresponding to an inactive cluster with very
few channels open. More importantly there is an unstable
point at position x,~ (k_/k,)q~? which acts as a potential
barrier separating the closed and open cluster states. In this
study we assume that the number of open RyR channels
required to reach threshold is roughly Nx,= 10. We note that
in the limit when Nx,=~1, then only one channel needs to
open for the whole cluster to fire; we do not consider this
limit here since the reduction of the master equation to the
Fokker-Planck equation would not be valid in that limit.

Scenario Il: k=1 (the lower trace in Fig. 2) which corre-
sponds to the LCC being open in a microdomain, so that s is
now larger. For moderate values of s the potential barrier is
lowered, while for higher values (so that x> 0) the potential
barrier may vanish completely.

In either scenario, the cubic term neglected in the qua-
dratic approximation for f(x) can yield a second stable point
x. far from the origin denoting a nearly fully open cluster. At
that point the cluster state is beyond the potential barrier, so
X¢ has no role in the spark activation transition dynamics and
is not considered further.

From these two scenarios it is possible to compute how
often an LCC opening will induce a spark. At first, when the
LCC is closed, the RyR cluster will be in the “inactive” state
close to x,, and the potential barrier is high. However, when
the LCC opens the barrier height is substantially reduced and
the system can escape from the vicinity of x,. Thus, we argue
that: (i) If the LCC remains open until after x crosses x;, then
it is almost certain that a spark will occur as x proceeds to X;
(ii) but if the channel closes before x crosses x;, then a spark
is not likely since as the barrier returns the cluster state is
inclined to return to x,. Thus, given a passage time t from X,
to X, the LCC open time t’, obeying the exponential distri-
bution fo(t"), must exceed t. The sparking probability is then
given by

Pglica) = J‘” dt € P'P(Xq, X, icast), (6)
0

where P(X,, Xy, icq; t) is the first-passage-time density
(FPTD) from x, to x,, for the system given by Eq. (5).

Equation (6) is also the Laplace transform (LT) of the
FPTD, which can be expressed in terms of the solutions of
the LT transform of the adjoint of the original FPE [Eq. (5)],
as shown in a classic paper by Darling and Siegert [22].
Linearizing the drift and diffusion coefficients so that f(x)
=o+ux and h(x)=o+ yx, where y=k_+2k.gs, the LT of the
adjoint FPE can be written as a confluent hypergeometric
differential equation, which has the linearly independent so-
lutions uy(X)=M[my,my,y(x)] and uy(X)=y(x)* ™M[1+m,
-my,2-my,,y(x)], where M denotes Kummer’s function
[23] with arguments my=-8/u, M,=2No(y-u)/y and
y(X)=—2Nu(o+ yx)/¥*. Imposing a reflecting boundary con-
dition at x=0, since the master equation [Eq. (4)] does not
admit negative valued states, the probability of sparking can
be written [22] as
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FIG. 3. Analytical (curves) and numerically simulated (sym-
bols) sparking probability Pgas a function of ic,, conditional upon
an LCC activation, for conductances g=0.910 (M), 0.628 (),
0.491 (A), and 0.416 (A) um3s7L,

U1 (Xa)/u1(0) = Up(X4)/Us(0)
U1 (Xp)/U1 (0) = Up(X,)/U5(0)

where u;(0) and uy(0) are the derivatives of the independent
solutions evaluated at the origin. Equation (7) gives a full
description of the sparking probability given a trigger current
icq With duration obeying the distribution fg.

Limiting Cases: The analytic formula for the spark prob-
ability [Eq. (7)] can be simplified further in the limit of large
or small LCC current (icy). Using the asymptotic form of
Kummer’s function [23], for large i, we have

+ VX Bl
Ps~(—" “) . ®)
o+ yX,

Pslica) = @)

In this limit, in which the triggering Ca current is strong, the
response is governed by the mean open time of the LCC, and
does not strongly depend on the stochastic properties of the
RyR cluster. For small i, an activation barrier must be sur-
mounted, and stochastic fluctuations due to the N RyR chan-
nels dictate the probability for sparking in response to the
weaker Ca current. In this regime, to leading order we have

Ps~ eXIO(Z?'uN(Xb—Xa)>, 9)

showing the strong dependence on RyR cluster size N.

COMPARISON TO NUMERICS
AND EXPERIMENTAL DATA

Comparison to numerical solution: In order to check the
validity of this analytical result we simulate independent
Monte Carlo trajectories of the master equation to estimate
the probability of sparking (Ps) given an LCC opening at
time t=0, in an ensemble of 100,000 microdomains whose
clusters are initially closed (n=Nx,). Within each unit a
single LCC is opened for a random duration t’ chosen from
fo. We then estimate Pg as the fraction of microdomains
whose clusters reach n= Nx, within that time. In Fig. 3 the
predictions of Eq. (7) are compared with the numerical simu-
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FIG. 4. Analytical (solid line) and numerically simulated (H)
spark rate Rg as a function of Vg, (9=0.910 um?3s™1); whole-cell
Ica (dashed line). Inset: Experimental values from [4] for peak SR
release current () and peak LCC current (o). (All plots normalized
to peak height.)

lations. As shown, the agreement is quite good. In the fol-
lowing section we also compute the spark rates Rg numeri-
cally by counting the number of sparks recruited in 1 ms
intervals.

Graded release and comparison to experiments: In ex-
periments, the relationship between Ca entry and Ca release
can be assessed by depolarizing the membrane to various test
voltages V.« The peak total currents for LCC-mediated Ca
entry and RyR-mediated Ca release from the SR are then
measured following the depolarization. In Fig. 4 (inset) we
reproduce the classic experimental data of Wier et al. [4]; it
shows that both Ca release from the SR and Ca entry via the
LCC have a bell-shaped functional dependence on V., but
their relation with each other is nontrivial as evidenced by
their relative shift. Since the amount of Ca released from the
SR is determined by the spark recruitment rate, the behavior
manifest in this data should be reflected in the spark rate Rg
as a function of V.

Figure 4 shows the peak spark rates due to a depolariza-
tion to Vpa USiNg our analytically calculated Pg from
Eqg. (7) in Eq. (1), as well as a simulation of N3=100,000
independent microdomains with Markov-governed LCCs
initialized in state C,. Also plotted is the peak whole-cell
Ca current entering the cell via LCCs estimated by
I ca=NgPo(Vimax)i ca(Vimax), Where Po(Via) 1S the steady-state
open probability of the LCC. It is evident from Fig. 4 that
our results reproduces semi-quantitatively the experimentally
observed graded release behavior including the correct rela-
tive shift of the two relevant curves. As one would expect,
the more exact numerical simulations are closer quantita-
tively to the experimental behavior, however the analytical
results are remarkably close.

The graded relationship between whole-cell Ca release
and Ca entry is reflected in the spark recruitment rate [Eq.
(1)]. For large negative Vi ica is large and every LCC
opening, although rare, will trigger a spark. In this regime
the spark rate is dominated by the voltage dependence of the
trigger mechanism via Pg; (which roughly follows P, since
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a and B are fast voltage-independent rates.) AS Vi 1S In-
creased further and the single channel current ic, weakens,
Ps is reduced and the probability of responding to the trigger
is less; concurrently, |, also decreases. The negative-voltage
bias in Ca release reflects a preference for high Ca current
strength (ic,) at negative voltages (where microdomain Ca
entry is rare but strong) as opposed to high availability (P,)
at positive voltages (where microdomain Ca entry is frequent
but weak). Hence, our model quantified by Eq. (1) explains
experimentally measured whole-cell properties in terms of
the kinetics of ion channels in Ca microdomains. A more
detailed analysis of the analytic prediction will be presented
in a future publication.

In this paper we have analyzed the stochastic properties of
Ca signaling at both the whole-cell and ion channel level.

PHYSICAL REVIEW E 76, 051920 (2007)

The main result is an analytic description of the relationship
between single channel kinetics and the aggregate whole-cell
response. In the context of the cardiac cell, we have repro-
duced and analytically explained the important voltage-
dependent relationships observed experimentally. This work
should pave the way to a more detailed understanding of Ca
signaling in a wide range of biological processes.
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