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STATIC 2-D SOLUTION CF A MOORING LINE OF ARBITRARY COMPOSITION IN THE
VERTICAL AND HORIZONTAL OPERATING MODES

B.W. Oppenheim!) and P.A. Wilson?’

Synopsis

A theoretical static solution is reported for a two-dimensional mooring line having an arbitrary multi-segment

composition of wires, chains and synthetic ropes, and buoys. The segments can be buoyant, neutrally buoyant or

heavier than water, and they can be nonlinearly stretchable. The buoys can be of constant positive and negative

buoyancy, thus representing submerged buoys and hung weights. A mooring line can operate in the ‘horizontal’
or ‘slack’ mode, and in the ‘vertical’ or ‘tension-moor’ mode. In the former case, a surface-floating ‘spring-buoy’ is

allowed, as well as a linear slope of the sea bottom at the anchor.

Introduction

Presented here is a static solution to the classical
marine mooring problem, where given is the mooring
line wmaterial composition, water depth, slope of the
sea bottom and the vessel geometry, and desired are
the line shape and loads as functions of the horizontal
restoring force in the line. It is assumed that the en-
tire line lies in the vertical plane, i.e. the problem is
two-dimensional. This assumption is valid in the static
domain if there is no current load and no friction on
the sea bottom in the direction perpendicular to the
line plane. The latter condition becomes redundant
if the entire line is suspended, i.e. no portion of it
lies on the bottom, except for the point of attachment
to the anchor.

This problem has been addressed many times in the
literature and there exist literally hundreds of solutions
for various specific cases. In the present paper the em-
phasis is placed on the arbitrary composition of the
line, and on the arbitrary mode of the line operation.
This sotution is valid for 4 multi-segment mooring line
with each of the segments being of different positive
or negative buoyancy, or being weightless in water.
Typically, the wires and chains are of positive weight
while the recently introduced synthetic ropes are
either neutrally buoyant or slightly buoyant, or
slightly heavier than water. With regard to the segmernt
elasticity, the segments can be linearly stretchable,
as is typically the case with wires and chains, or they
can be nonlinearly stretchable, as is the case with the
synthetic ropes. The nonlinear stress-strain relation-
ship is usually approximated by an exponential law.
In fact, it is the line axial elasticity that contributes
the most to the mooring restoring properties in these
ropes, while the wires and chains provide the spring
effect mostly through the catenary mechanism. There
can be any mix of the above segments in a line. The

1) B.W. Oppenheim, Ph.D. & Associates, Santa Monica, California, U.S.A,

2) Ship Science Department, University of Southampton, United King-
dom.
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neighbouring segments can be connected directly to
each other or through a shackle or other hung weight,
or through a submerged buoy of constant buoyancy.
The hung weights and buoys are assumed to be dimen-
sionless.

A mooring line holding the vessel in position (either
on its own, or as part of a multi-line system) can be
said to operate either in the ‘horizontal’ mode (also
called the catenery or slack mode), or in the ‘vertical’
mode (which is also called the tension-moor mode).
These expressions are somewhat vague, in fact it will
be shown that there is a continuous transition between
the two modes which results in a single mathematical
model being applicable to both of them.

In the horizontal mode, the line extends between
the anchor (typically of a fluke type) on the bottom
and the vessel fairlead over a considerable horizontal
distance. This distance is often equal to several times
the water depth. The horizontal restoring lorce is
provided primarily by the line itself, i.e. by its catena-
ry .and elastic properties. Frequently the line is attach-
ed to a surface-floating buoy rather than to the vessel
itself, and only a short rope connects the buoy to the
vessel proper. This is done for two reasons.

Firstly, it increases the mooring restoring properties,
due to the coupling between the horizontal foree in
the line and the vertical restoring buoyancy force of
the buoy.

Secondly, such a buoy facilitates the line deployment
and maintenance. The present solution is valid when
the buoy is present. In such a case, the line is defined
as extending from the anchor to the vessel fairlead,
and the buoy is considered as an integral part of the
line.

A mooring line operating in the horizontal mode
frequently has a long portion of it lying on the sea
bottom. In fact, the longer is that portion, the safer
is the mooring. The vessel held in this mode is assumed
to float at a constant draft, trim and heel.
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Figure 1. Vertical and horizontal modes of moaring line.

A mooring line in the vertical mode is entirely sus-
pended in water between the anchor and the vessel;
It can be totally vertical, or almost vertical with some
residual catenary effect present. The anchor is typical-
ly of the gravity type (eg. a big chunk of concrete
buried in the bottom). The vessel is held by the line
at the draft somewhat greater than that of the freely-
floating vessel, and the excess buoyancy keeps the line
in tension at all times. Furthermore, as the vessel
moves away from the equilibrium position, the line
pulls it deeper into the water, and the increased
buoyancy acts as a restoring force, together with the
line elasticity and the residual catenary effect. Of
course, no spring buoy is applicable in this mode.

Figure 1 illustrates the two modes of operations.
It is evident that the shape of the line alone is not
sufficient to differentiate between the two modes,
except for the case of a vertical line which obviously
belongs to the vertical mode. The classification adop-
ted here for identifying the modes is based on the
vertical span of the mooring line. The vertical mode
is defined as that in which the line vertical span varies
with the horizontal restoring force, i.e. the line shape
and loads are coupled with the buoyancy of the vessel.

" In the horizontal mode, the vertical span of the line

is assumed to be constant, i.e. the vessel floats at con-
stant draft, trim and heel. However, the draft varia-
tions of the spring buoy (if any) with the horizontal
tension are taken into considerations.

Theory
s

Figure illustrates a coordinate system X-Y
utilized globally with the origin at the anchor. Also
shown is a local system x;—y; with the origin at the
lower end of the i-th segment. Let there be N seg-
ments, (N> 1) and let the first segment be latched
onto the anchor and the N-th onto the vessel fairlead.

Each segment is described by the following six para-

meters:

- W unit weight in water of the inelastic segment
(w; < 0 for a buoyant segment),

- GI. concentrated hung weight in water suspended at
the top of the segment, (G, < 0 denotes the net
buoyancy of a submerged buoy),

- s; unstretched length,

- F. breaking (or proof) load,

{
p;4; two constants defining the axial stress-strain

relationship:

spring
buoy

4

Ttes l=chain
2=buoyant roog
3,4=wires

52
w H
H |
L2 J2

Figure 2. Sample mooring line.
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where 7 is the axial load. The flexural rigidity is neg-

lected.

The derivations are organised into four steps, as
follows.

1) The elementary catenary equations are reviewed for
an arbitrary segment of & mooring line with no
axial elasticity.

2)Corrections for the axial stretch of a segment are
derived for the cases of the suspended and resting-
on-botiom segments. Considered are the nonlinear
and linear stretch.

3) The vertical mode solution is derived for both non-
vertical and vertical elastic lines.

4) A derivation is given of the horizontal mode solu-
tion, again for an elastic line. Both the totally
suspended and the slack lines are considered

1. General equations for inelastic segment

The catenary equations for an j-th segment are
shown in the Appendix to be

= (U+\/U +f1~)/(L +\/L + H*Y)]
m V LT+

II

sl_z

where H, U; and L, are respectively the horizontal
tension {constant throughout the line), and the ver-
tical tensions at the segment upper and lower ends,
Equations (2) are limited to the catenary shapes only,
le.w;, # 0. When the segment is weightless, (w; = 0),
it is straight when loaded in tension, and its spans are
then

%788 "‘7‘]" =H'sl./\/LI.2+H2
y;=Us, N U} +H* =Ls, N L? + H?

The sign convention utilized in equations (2) and (3)
is that U, is positive when pulling the segment upward
and L,. is positive when pulling the segment down-
ward.

Let the touch-down point of the mooring line be
denoted by ‘r’, not necessarely coinciding with the end
of any segment. The unstretched length of the line
on the sea bottom, b, is then

! ! :
b= b=y {4)
=

The vertical forces at the ends of the segment are ob-
tained by summing up the line weight from ¢ upwards,

i-1
L.=Z (sl.wj. + (;],) + R

1 jep
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i# 1 (5)
Ui=L,.+Gi+siwi:]é:!(s w; +G)+R

where R is the vertical reaction at anchor, positive
when the anchor pulls the line downward. The vertical
tension acting at the touch-down point can take
several values, depending whether the line is suspend-
ed, or tangent to the horizontal at the anchor, or
resting on the sea bottom near the anchor. The pos-
sible values are:

0 if the segment becomes horizontal at
anchor
—R if /=1 and the entire line is suspended (6)

—Htana =—R if the line is slack, with the part of it
of the length b resting on the sea bottom.
The slope of the bottom at the anchor is

&
Equations (2)—(6) constitute the basis for derivations
of both the vertical and horizontal modes of the in-

elastic line operations.

2. General equations of elastic segment
Nonlinear stretch

Let X, ¥,, W,,S; and B denote the stretched values
of X, ¥;,w,,s; and b, respectively.

The uongutlon of the i-th segment being in a
catenary shape is, from (1)

As,=p, lf LYF(S)} ds @)

I
where the integral extends over the suspended length
of the segment. The axial tension varies along the seg-

ment,

T(s)= 1’12—'*7,-2(5_) (8)
where V,(s) is the vertical tension

VI.(s) =L +sw, ©))

Substituting (8) and (9) into (7) yiekds the general
expression for the stretch,

/le'f'\‘_/ +SW )2 -‘q'
= e | (JO)

As,=p, | ds
i ptl_JlL Fi _\

In general, ¢, €(0.1], therefore (10) must be evaluated
numerically.
It is convenient to introduce the stretch factor C,,

Cymat =] gt (11

The total weight of the elastic segment is the same as
that of the inelastic one,

WdS=wds 12)
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therefore, from (11)

S; :7Ci

1 X
L (13)
WI. Sw; W,

The consequence of (12) is that L, and UI. in equa-
tion (5) remain the same for both elastic and inelastic
segments. Therefore the only elasticity-dependent
quantity in equation (2) is the unit segment weight,
w;. Replacing w; with W, in these equations and util-

izing equation (13), yields the spans of the elastic

segment
X, =Cx;
(14)
Y =Gy,

When the segment is resting on the sea bottom with
constant slope o, the tension in the segment is con-
stant,

TI.(S)=H/COSG (15)

Substituting (15) into (7) yields

H \%
a5, =5, |
S TP '\F’.COSLI)

(16)

The stretch factor of this segment (or of its bottom-
resting part) is denoted by C‘.b , wherge

s, TAS.
= !

ch (17)

o H g
:1-{—‘”. ____) ¢
<

e
i | bottom S eosa

The unstretched line length on the bottom, equa-
tion (4), becomes in the elastic case

B=

W~

5; C{." (18)

i

Linear stretch

When the segment is linearly stretchable, the ex-
ponential law, equation (1), reduces to Hook's law
upon the substitution

F.

p,=——— , q;=1
! A[E,' ¢

(19)

where Ai and Et. are thie segment cross-sectional area
and the Young modulus. Now, the integral (10) can

ey

be solved analytically. The elongation becomes

ps. = N2+ (L +sw.)? ds =
{ A ’“ 1 1

! 1

i ‘;/ . N 2 7 21%
T E )‘ Litswo) [HE+ (L +sw)™ ]
“iTE

(L +sw)+ [+ (L, +sw)? "

+HY

W,
i

Substituting the segment ends for <ne integrai lirits,
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L, ifs=0
Ll.+swl.=
U if 5=

2

the stretch takes the form
1 ey
as; = 24 FE w,

[ Y B

—— it
UNVH + Ul ~L,H*+ L?

U+ H+ U2
FHT G A = 1
L+ H + L2 J

Dcnoting the quantity in brackets | by ¢, puliing
As; =5, -5, and rearranging terms yields the desired
stretch factor C;

C_ = ! =1+ Q./A..E.V/I.Si = ] (20)

. I r I
{

When the segment (or & part of it) is resting on the sea
bottom, the tension in the segment is constant., Then
equation (15) applies again, together with equations
(7) and (19), to yieid the stretch factor C,‘D
[ H N H

\ﬂcosa/

ch =p, (21

! Ak cosa
In summary, the catenary equations for the elastic
segrment can be written as

X, =Cx,

Y: = C,.y,

Wi=wilG (22)
S5.=Cs

where x,, y, and s, are given by equations (2)-(3).
Therefore, once the stretch factors C;’ and C,, i =
1,...,N are found, the derivations for an elasiic
segment reduce to those of an inelastic one.

Finally, it is necessary to mention that when the
segment is weightless, the axial tension in it is constant
and the stretch is then given directly by equation ().

3. Mooring line in vertical mode

In this mode, the problem is formulated as foliows.
Known are the water depth D, the mooring line com-
position, and a function Z(ub) which describes the
excess buoyancy of the vesse. versus the vessel excess
draft. In this mode, 5 =8 = 0 by definition. Desired
are the stretched line shape and loads (X, Y,,L,, U,
i=1,....MN), the reaction at ancior, R, and the ex-
cess craft u, , all as functions of the horizontal restor-
ing force H.

In this mode, the touch-down point ¢ corresponds
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to the anchor, (¢ =¢= 1), and the upper end of the line '

is attached directly to the vessel. Consider first the case
of the line being non-vertical, but in some near-vertical
catenary configuration,
N - b
X=2 X,>0, small (23)
f=1
The equilibrium of the horizontal forces in the line is
assured since the tension A is carried throughout the
line. The equilibrium in the vertical direction is

N N 3
Zuy)= Uy =T 0w, FG)+R (24)

and the horizontal and vertical spans of the lines are
given by (23) and by

Y=3% y.C=D—-u, —d (25)
i=1 {
where d is the vessel draft in the freely-floating con-
figuration, and D is the water depth.

The above equations constitute a set of non-linear
algebraic equations and they must be solved iterativ-
ely. The iterations are performed with the help of the
following merit function,

f(H)y=U, (H) —Z(u,)~ 0 , R = const (26)

Thus it is sufficient 1o iterate H until f, becomes

sufficiently small. The sequence of calculations is as

follows:

- Assume R > R _, where R is the anchor reaction to

the line being vertical (H = ()

- Assume small #

- Caleulate L, U,,i=1,... N from (§), with r = 1
1,...N from (2) or (3), as ap-

- Find x; and y,, i = 1,.
plicable

- Find C, from (11) or (20), as applicable

- Find X, and 7, from (22)

- Findu, from (25)

- Find Z(u, ) from (24)

- andfy from (26)

- Update A as required by the sign of f} and repeat
until £, is sufficiently small.

The last succesful iteration provides the desired
solution for one value only of R. Generating a series
of such solutions for a range of systematically varied R
yields the complete solution for the elastic non vertical
line in the vertical mode.

If the line is vertical,

Y B ¥ = =
y; =4 Xy=8& , 8= 0

and the iterations are handled as follows:

- Assume R > 0

- Calculate the vertical loads from (5}

- Calculate the stretch factors from (11) or (20}

- Calculate the stretched lengths Sl, from (22)
- Calculate the vessel excess draft u, from (25)
- Cualculate the vessel ¢xcess buoyancy {rom (24)
- Calculate the objective function as
[ (RY=Uy(R) —Z(u,)~> 0 (27)

- Iterate R until fy becomed sufficiently small. The
lack of convergence indicates that the line is tco
short or too long for the given depth.

4. Mooring line in horizontal mode

The vessel draft becomes now constant and there-
fore the total vertical span of the line between the
anchor and the fairlead is known too, Y. Let there be a
spring buoy attached to the top of a K-th segment,
I < K< N. Known as before are D, 5;, w;, G, & P
Giakia s N and Z(’ub) of the buoy. Desired are the same
functions as before and the stretched length of the line
resting on the bottormn, B.

Equatjons (2) and (3) still hold. The line weight
summations, equation (5), must now be performed
separately for the line portions below and above the
spring-buoy,

izf
By = L; (s;w; + G/.‘) +R

4 =t

I<i<X (28)

'
= o = <+ Y 3 4
U’, L!.+ (';‘+5iwi ’_'L;[(s/,w/. : G/._)-rR

=he
L _1'>:K (s/.w/.+ G/.) + R ~Z(ub)
: K<igs N (29)
i 2l
U=L+ Gl_+sl.wl. = ,-EK{\S/'W/' 4 (,I_) +R ~Z(u,)
where the buoy net draft is a function of the vertical
span of the line portion below the buoy,

; K
uy =D —Bsina — X T =g ==p (30)

i=t e
where o represents now the buoy draft in the freely-
floating configuration, and f > O is the vertical dis-
tance between the buoy bottom and the top of the
K-th segment.
The total spans of the line become
X = Bcosa + g‘/ Xi

=t

(31)

M=

Y = Bsina + Y’,

K]
A

The above equations constitute again a set of nonlinear
algebraic equations which must be solved iteratively.
Three variables are chosen for starting the iterations:
H R and b, however the last two are related. When the
line is entirely suspended, R # 0 and » = (. When the
line is partly resting on the bottom, b > 0 and R =
— Hcosa. Thus in the entire domain of # there are two
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distinct regions, one with b > 0 and the other with b=
0. The iterations are handled as follows.

- Assume b (maximum value)

- Assume H> 0

- By definition, R = — Hcose

- Find vertical tensions for the segments below the
buoy, from (28)

- Find the unstretched segment spans for the seg-
ments below the buoy, from (2) or (3)

- Find the stretch factors C,. from (11) or (20) for
the segments below the buoy

- Find the stretch factors C? from (17) or (21) for
the segments on the bottom

- Find the stretched spans X, YI. and the length on
the bottom B, from (22)

- Find the net draft of the buoy, w,, from (30), and
the buoy net buoyancy, Z(u, )

- Find the vertical tensions of the segments above the
buoy, from {29)

- Find the unstretched spans of the segments above
the buoy, from (2) or (3)

- Find the stretch factors CI., for the segments above
the buoy, from (11) or (20)

- Find the stretched spans of the segments above the
buoy, from (22)

- Find the total spans of the line, from (31)

- Compute the merit function h from

N
f,=Y—bsin-2 ¥, +0 (32)

i=1
and if it is not sufficiently small, update # and
repeat.

The convergence is usually fast but it may not be
uniform if the line contains a mix of the positively and
negatively buoyant etements. The solution, if available,
is valid for the assumed value of & only. Repeating the
calculations for systematically varied values of b
between the maximum and zero vields a systematic
series of solutions with the values of H being auto-
matically correct. The results are organized into a set
of functions

X (H),Y.(H),B(H), L (H), U (H), uy(H)and
R(H), (i=1,..N) (33)

If no solution exists for any vaiue of b, the line is
too short for the given span Y. Then b =0, and R is

147

being assumed for the independent variable in the
iterations, where the iterations are conducted similarly
to those above. Now the solutions are obtained for a
systematic series of R instead of b. The upper limit of
R is that yielding the line axial load equal to the
breaking strength. The results are again organized into
the functions

b(HY=B(H)=0 (34)

The two sets of functions, (33) and (34) constitute
together a complete solution of the elastic line in the
horizontal mode.

When no spring buoy is present, X =N, and equa-
tions (29) and (30) become redundant. The remaining
derivations and iterations are the sume as before.

5. Sample calculations

It is evident from above derivations that most of
the steps required for the vertical and horizontal
modes as well as for the linearly and nonlinearly
stretchable segments are identical. Therefore a single
code can be developed to handle all above cases.

The theory has been implemented in three versions:
on a CPM(Z-80) microcomputer, and on the ICL-2970
and CDC-7600 computers.

Tables 1 and 2 illustrate two sample computations,
respectively. The first case represents a 3-segment line
in the horizontal mode, having a spring buoy attached
on top of the second segment. The lowest segment is
made of chain, the middle segment of a synthetic
rope, and the highest segment (connecting the buoy to
the ship) of wire. The first part of Table 1 presents the
input parameters of the mooring line, buoy and the
environment and the second part contains the results.
Both should be self-explanatory.

The second case represents a single-segment ver-
tical-mode mooring. Again, the two parts of Table 2
illustrate the input and output, respectively.

The run times (in seconds) for the two cases were as

follows:

Case 1 Case 2
CPM(Z-80) microcomputer 980s 895s
ICL-2970 computer 185s 182s
CDC-7600 computer 6.2s 6.0 s
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Table 1 continued:
Results as functions of the horiz. line spans
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Table 1 continued:

Results as functions of the horiz. line spans
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Appendix

Derivation of elementary catenary equations

Consider an elastic segment shown in Figure 3. Let
its unit weight be w> 0, and let the length between
the ends and the lowest point be s, and s,, as ske*ched.
The forces acting at the segment ends are the horizon-
tal tension &, constant throughout the segment, and
the vertical tensions L and U, as shown.

The balance of forces for the length s, is

Tr sinf = ws,

(35)
T cosg = H
Let
a=H/w (36)

Then (35) can be rewritten as

sing = ws, /T, = wsr/\/H2 + (ws, V= sr\/sr2 +a?

(37)
cosg = H/T, =al/s? +a?
But
siné =2B =g \/s? +a?
dS r r
(38)

cosé =-L—idti =ap/s? +a?
S

If this procedure is repeated for the left portion of
the segment and the equations for both ends are com-
bined, the horizontal and vertical segment spans, x and
y tespectively, take the integral form

$
7 ads ' ads

s?+a?

=
52 + a2 o
(39)

r o sds

e~ -1
=y v =|at [ —— | - s Ll
r |_ I 0 /sz_,,az_l
Upon integration, the segment spans become
2 2 N2 o
atys; ta® g Ins,w+\/(s,W) v H?
aty/s +a* ¥ sw+/(gw)? + B

40
y=vs+a? — s} +at= Gl

x=aln

=L (Vs w2 + H2 — /(s pw)? + H?]
w

Equation (39) can be written in terms of the vertical
forces in place of the quantities s,w and s, w,

H U+ U2+ H?

xX=—In—

w o L+JL2+H?
y=17 W U2+H: /L2 +H?)

where

(41)

L=s1w= vertical tension acting on the left (or
lower) end,
U=srw=vertical tension acting on the right (or
upper) end.
Equations (41) are remarkably general. They are
valid for w< 0 and w> 0, as well as for U= 0 and
L=0.

Figure 3. Catenary segment.
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Nomenclature

a catenary weight parameter used in derivations

A,. i-th segment effective cross-sectional area

b total unstretched length of line portion on sea
bottom

b; unstretched length of the i-th segment portion
on sea bottom

B total stretched length of line portion on sea
bottom

B, stretched length of the i-th segment portion on
sea bottom

Ci,Cib stretch factors for the suspended and on-the-
bottom portions of the /-th segment

d draft of the buoy/vessel in the freely-floating
(unmoored) condition

D water depth at anchor

El. Young’s modulus of i-th segment

fo length of the line connecting the buoy bottom
to the top of the K-th segment

fy merit function used in iterations

F’. breaking or proof load of i-th segment

Gl. weight in water or net buoyancy of the
element attached to the top of i-th segment

H horizontal tension in mooring line

i index of the line segments (1 = lowest)

X segment number on top of which the spring
buoy is attached

L, vertical tension at the lower end of i-th seg-
ment

N number of segments in the line

p;»q; constants in the stress-strain equation for j-th

segment

~.

B

S[ ’Sr

symbol used in derivations

vertical reaction at anchor

unstretched and stretched lengths of i-th seg-
ment

unstretched lengths of the left and right por-
tions of a suspended segment

stretch of /-th segment

touch-down point of the mooring line

axial tension

axial tensions at the left and right ends of a
segment

coordinate system for a segment

horizontal and vertical spans of the right-hand
side portion of a segment

asu, and v but for the left portion

draft of the spring buoy/vessel in sxcess of the
draft when freely-floating, d

vertical tension in the upper end of i-th seg-
ment

vertical tension in i-th segment, as a function of
the position along the segment, s

total horizontal and vertical spans of a mooring
line

horizontal and vertical spans of the unstretched
i-th segment

. horizontal and vertical spans of the stretched

i-th segment

net buoyancy of the spring buoy/vessel as a
function of its net draft.

slope of the sea bottom at the anchor

o
w
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