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Measurement of the microwave dielectric constant for low-loss samples 
with finite thickness using open-ended coaxial-line probes 

G. Q. Jiang, W. H. Wong, E. Y. Raskovich, and W. G. Clark 
Department of Physics and Sofid State Science Center, University of Caiifornia at Los Angeles, 
Los Angeles, California 90024 

W. A. Hines 
Depurtment of Physics and Insti&te of Materials Science, University of Connecticut, Stows, 
Connecticut 06269 

J. Sat-my 
Department of Physics, Loyofa Mavmount University, Los Angeles, California 90045 

(Received 31 July 1992; accepted for publication 8 February 1993) 

This work addresses the effect of finite sample thickness on microwave dielectric constant 
measurements for thin, planar, low-loss samples using the open-ended coaxial-line probe 
method. Detailed measurements of the dielectric constant were carried out on a wide range of 
thicknesses of air samples which were backed by infinitely thick teflon and alumina dielectric 
media. The measurements were made at room temperature for various (50 fz) coaxial-fine 
dimensions, microwave frequencies 4-8 GHz, and power levels near a fraction of a mW. The 
results provide strong support for previously published theoretical calculations based on a 
boundary value problem which uses a spectral domain formulation for the aperture fields. From 
thin, planar samples, values of 10.4kO.5 and 25.9* 1.3 were obtained at 5 GHz and 300 K for 
the bulk dielectric constant of MgO and La.A1,03, respectively. The applicability of a simple 
empirical model based on an exponential fit is discussed. 

calculate the quasistatic charge distribution over all con- 
ductor and dielectric surfaces for a given potential differ- 
ence between the inner and outer conductors of the coaxial 
line. Two separate approaches were employed to simulate 
the presence of the wall numerically. They are described as 
the finite-wall method and the image coefficients method. 
From the resulting charge distribution, Anderson et al.’ 
calculated the fringe-field capactiance and the electric field 
around the open end. They obtained good agreement with 
their measurements on water layers of varying thickness, 
for both the air and metal backings, and were able to de- 
termine the minimum sample thickness and area required 
to simulate a semi-infinite medium. The treatment of 
Anderson ei al.’ has not, however, been extended to the 
general case of a sample with a finite thickness and arbi- 
trary dielectric constant backed by an infinite medium with 
different dielectric constant. In a later work, Fan eE ai6 
considered this general case as a boundary value problem 
by using a spectral domain formulation for the aperture 
fields of an open-ended coaxial line. They expressed the 
axial and radial components of the electric field as well as 
the angular component of the magnetic field in terms of the 
angular component of the electric vector potential. By us- 
ing formulations for the electric vector potential from (cir- 
cular) antenna theory, and matching the tangential mag- 
netic field at the probe/dielectric boundary, Fan et a1+6 
obtained expressions for the electric field components, im- 
pedance and, ultimately, the fringe%eld capacitance. The 
expression for the capacitance is in terms of the sample 
thickness, dielectric constants for the two media, and the 
dimensions of the coaxial line. Using this expression, they 
present calculations for water, dioxane, and methanol with 

1. INTRODUCTION 
Of the various methods which have been used to mea- 

sure the dielectric properties of materials at microwave 
frequencies, the so-called “lumped-element” technique has 
proven to be particularly useful for liquids and biological 
samples. ‘I2 Recently, this technique has been extended to 
low-loss solid materials (low loss-tangents, i.e., tan S 
< 10-3).3 In this method, an equivalent circuit consisting 

of lumped elements is used to relate the impedance of the 
sensor probe to the (complex) dielectric constant of the 
sample. A variety of open and closed coaxial-line probes 
and sample configurations have been employed (for a com- 
prehensive review, see Ref. 4). One such scheme consists of 
placing an open-ended coaxial line in contact with the sam- 
ple. A vast majority of the investigations carried out to 
date, which concern the use of open-ended coaxial-line 
probes, consider the ideal case of “homogeneous” dielec- 
tric samples, i.e., samples which consist of a single dielec- 
tric material that is infinitely thick. In this work, we em- 
phasize the case of a thin dielectric sample which is backed 
by air or some other infinitely thick dielectric medium. To 
the best of our knowledge, there are only three investiga- 
tions which have considered the effect of finite sample 
thickness on the response of open-ended coaxial-line 
probes.3,5S6 In their work concerning layered biological tis- 
sues, Anderson et a/.’ considered water layers of varying 
thickness backed by both air and metal walls. The two 
configurations, namely, the air and metal walls, represent 
the lower and upper bounds, respectively, for the change in 
the fringe-field capacitance from the homogeneous case 
due to finite sample thickness. In their theoretical calcula- 
tions, Anderson et CZZ.~ used the method of moments to 
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sample thicknesses ranging over almost three decades, 
backed by both air and metal walls. In terms of the coaxial- 
line dimensions, Fan et aL6 also obtained estimates for the 
minimum sample thickness and area required to simulate a 
semi-infinite medium. Unfortunately, the only data avail- 
able until the present study was that of Anderson et al5 
and Athey et ai. ’ on water, and neither extends down to 
samples thin enough to seriously test the theoretical calcu- 
lations of Fan et ~1.~ 

In this article, we present systematic measurements 
which were carried out on a wide range of thicknesses of 
“air samples” which were backed by infinitely thick teflon 
and alumina (Al,03) dielectric media and compare the 
results with the theoretical calculations of Fan et aL6 (We 
note that when open-ended coaxial-line probes are used to 
measure the dielectric constant for solid samples, care 
must be taken to avoid minute air gaps that might exist 
between the probe and the sample.3 This problem is auto- 
matically eliminated with fluid samples.) The measure- 
ments were carried out at room temperature for various 
(50 0) coaxial-line dimensions, microwave frequencies 
4-8 GI-Iz and power levels near a fraction of a mW. In 
addition, the procedure was applied to obtain results for 
two “unknown samples” with finite thicknesses, MgO and 
LaA1203. Finally, we note that in our earlier work on solid 
samples, it was found that a very simple empirical model 
based on an exponential fit, worked well for the case of 
samples with a real dielectric constant and a finite sample 
thicknes~.~ In terms of the sample thickness, the range of 
applicability of this model will be discussed. 

II. THEORY 

In this work, the dielectric constant (real part) for a 
low-loss sample at microwave frequencies is obtained from 
a measurement of the phase of the reflection coefficient at 
the plane interface between the sensor probe and the sam- 
ple. The probe is an open-end coaxial line having an outer 
radius b and an inner radius a, along with an infinite 
ground plane as shown with the bilayered sample in Fig. 
1 (a). The first layer terminating the open end has a (real) 
dielectric constant Ed and thickness d, while the second 
layer with (real) dielectric constant e2 extends to infinity. 
(Since cgs units are used throughout, the permittivity and 
dielectric constant of a medium are the same.) Using the 
lumped-element approach, the equivalent circuit for the 
probe/sample configuration can be represented as shown in 
Fig. 1 (b). With no sample present (coaxial line open to 
air), the total capacitance associated with the fringe field at 
the open end, C, is written as the sum of two capacitances, 
C,=C,+C, where Cr represents the capacitance due to 
the fringe field inside of the teflon-filled coaxial line and C, 
represents the capacitance due to the fringe field in air. 
When an infinitely thick sample with (real) dielectric con- 
stant E is placed on the probe, Cf is unchanged, C, becomes 
EC, and C, becomes Cr+K,. For the sample geometry 
shown in Fig. 1 (a), an effective dielectric constant, E,~, will 
be defined such that C,= Cr+ Ed&,,, where eeff will depend 
on g,, g2, d, b, and a. It is clear that g,ff-+gl as d-+ 03 and 
cd-g2 as d-0. 

z=o z=d 
J 

% 

*z 

medium medium 

(a> 

- --J-----ff 
i Q o” -p -j-so 

(b) 

FIG. 1. (a) Sensor probe and sample geometry. Medium 1 has a finite 
thickness d and dielectric constant E,, medium 2 is infinitely thick and has 
a dielectric constant E> (b) Equivalent circuit consisting of lumped ele- 
ments. C, represents the fringe-field capacitance ass&iated with the teflon 
inside the open-ended coaxial line, CO represents the fringe-field capaci- 
tance associated with the air outside the open-ended coaxial line. 

A theoretical calculation for eetr can be obtained from 
the work of Fan et aL6 described above. Using a spectral 
domain formulation, they derive an expression for the 
fringing field capacitance outside of the coaxial line (C, is 
still unchanged) as follows: 

c= c, + c2, 

where 
(1) 

2El 

“=[ln(6/a)12 

cos(#‘)dp dp’ d@ 
[p2+p’2--2pp’ cos(9’) 1 1/Z (2) 

and 

(3) 
The equations above are Eqs. (7), (8), and (9), respec- 
tively, in Ref. 6. It should be noted the C1 in Eq. (2) above 
is just the capacitance due to the fringing field outside the 
coaxial line when the first medium is infinitely thick (i.e., 
d -+ 03 ). In terms of our notation, C1 = gICo. C2 represents 
a correction term to account for the layer of finite thick- 
ness. Hence, for fmite thickness, the effective dielectric con- 
St=& geff, can be written 

(4) 
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The ratio C2/C, represents a fractional correctional term 
for the dielectric constant of the first medium. It will be 
positive when el < e2, negative when El > e2 and vanishes as 
d -+ 00. It can be seen that by taking the ratio C2/C,, a 
common factor of E, will cancel; however, the ratio still 
depends on er, e2, d, b, and a In principle, if the dimen- 
sions of the coaxial line (b and a), the dielectric constant 
of the infinite backing medium ( g2), and the sample thick- 
ness (d) are known, it is possible to determine the bulk 
dielectric constant of the first medium (El ) from a mea- 
surement that yields E,~ It is not practical to solve the 
equations analytically; however, numerical methods can be 
employed to obtain useful results (see Sec. III). 

Ill, EXPERIMENTAL APPARATUS AND PROCEDURE 

Aside from a few minor improvements, the microwave 
system and sensor probe used in this work is the same as 
that described in detail in Ref. 3. All of the measurements 
presented here involve the reflection coefficient r = I’&$, 
which is defined at the plane interface between the test 
dielectric and the sensor probe [z=O in Fig. l(a)]. It can 
be expressed as 

zt-ZCJ g=- z,+zo ’ (5) 

where .Z, = -j/UC, is the (complex) impedance of the 
terminal load, Z, is the characteristic impedance of the 
coaxial line, and 0=2nf with f being the microwave fre- 
quency. In terms of the capacitances defined above and the 
(complex) dielectric constant of the sample 

,C,=C,+ 5 Co=Cf+ (g’- jg”)C,. (6) 

For a low-loss material (tan 6(0.1), e” ~0, 2 z e’ = e and 
I?-;: 1. Under these circumstances, the phase of the reflec- 
tion coefficient, 4, can easily be related to E by 

#=--2tan’ bZ,q-+G) I. (7) 

In order to determine experimentally the values for the 
fringe capacitances Cf and C,, as well as establish an ab- 
solute value for the phase 4, three infinitely thick reference 
samples are required. Reference 3 describes in detail pro- 
cedures for calibrating the probe and using a measurement 
of the phase shift along with Eq. (7) in order to determine 
the value of e for an unknown sample. 

The numerical analysis was carried out on an IBM-PC. 
In order to greatly reduce the time required for calculating 
the curve which describes the dependence of eeff on d, a 
numerical data library was established for each probe. It 
can be seen that in Eqs. (2) and (3)) the triple integrals 
depend only on the probe dimensions b and a, the sample 
thickness d, and an index n which runs from one to infin- 
ity. It is the evaluation of the integrals which is very time 
consuming; however, it only has to be done once for a 
given set of coaxial-line dimensions. In order to determine 
El, the dielectric constant of the thin unknown material, it 
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PROBE SIZE: o = 0.456 mm. b = 1.493 mm (UT-141) 
POWER LEVEL = 12 dBm 

a 
- THEORETICAL CALC,"Jh;$ON 

=....Al.O, BACKING. 
ooowTEFLON BACKING, 4 GHz 
-AlaOs BACKING. 
M~MTEFLON BACKING, 5 GHz 
*....Al.O. BACKING, 
-TEFLON BACKING, 8 GHz 

SAMPLE = AIR 
ERROR EARS I 3 x 

0.01 0.1 
THICKNESS d (m;) 

10 

FIG. 2. Measured values of the effective dielectric constant at room tem- 
perature E& vs sample thickness d in mm for air backed by teflon and 
alumina. The data were obtained for various microwave frequencies using 
a UT-141 coaxial-line probe and a power level of 12 dBm (0.8 mW). The 
solid curves are the theoretical calculations using Eqs. (2), (3), and (4) 
(see text) with E,= 1.00 for air, and ~,=2.20 and 9.31 for teflon and 
alumina, respectively. 

is only necessary to put in the known value for e2, call in 
the library data and vary El until a best fit of the geff versus 
d data is obtained. The computation of the sum in Eq. (3) 
can be done in a reasonably short time. 

IV. EXPERIMENTAL RESULTS AND ANALYSIS 

Figure 2 shows the measured values of eeff for various 
thicknesses of air (El = 1.00) backed by the infmitely thick 
dielectrics teflon ( e2= 2.20) and alumina f e2 = 9.3 1) .3 The 
probe was constructed from UT- 141 semi-rigid microwave 
coax (b= 1.493 mm, a=0.456 mm) and data were ob- 
tained for a power level of 12 dBm ( ~0.8 mW at the 
sample) at 4, 5, and 8 GHz. The air thickness was con- 
trolled by using thin “shims” of kapton and microscope 
cover glass on the edges of the backing dielectric. The 
values of the air thickness ranged between 0.016 and 3.5 
mm. The curves in Fig. 2 result from the theoretical cal- 
culations described in Sec. II and the values of El and e2 
given above. It can be seen that there is good agreement 
between the experimental data points and the theoretical 
curves over almost three decades of sample thickness. 
Also, no significant frequency dependence was observed. In 
a similar manner, measurements of ecff were made for var- 
ious thicknesses of air backed by both teflon and alumina 
using the UT-141 coaxial probe at 5 GHz for two different 
power levels (-4 dBm=O.l mW and 12 dBm=0.8 mW). 
Again, good agreement with the theoretical curves was 
obtained and no significant dependence on the power level 
was observed. Figure 3 shows the measured values of eeff 
for various air thicknesses backed by both teflon and alu- 
mina using a UT-85 coaxial probe at 5 GHz and 10 dBm 
(0.5 mW) power level. The smaller dimensions for the 
UT-85 coaxial probe (b=0.836 mm and a=0.255 mm) 
made it necessary to establish a new set of library values. 

Microwave dielectric constant 1624 
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PROBE SIZE: a = 0.255 mm, b = 0.836 m m  (UT+ 
FREQUENCY = 5 CHz. POWER LEVEL - 10 d6m 

- THEORETICAL, CALCULATION 
AAAAA A1.0. BACKING 
AAMVA TEFLON BACKING 

SAMPLE = AIR 
ERROR BARS t 3 x 

I 

0.1 1 
THICKNESS d  (mm) 

10 

FIG. 3. Measured values of the effective dielectric constant at room tem- 
perature e& vs sample thickness d in m m  for air backed by teflon and 
alumina. The data were obtained using a UT-85 coaxial-line probe at 5 
GHz with a power level of 10 dBm (0.5 mW).  The solid curves are the 
theoretical calculations using Eqs. (2), (3), and (4) (see text) with 
(F, = 1.00 for air, and ez=2.20 and 9.31 for teflon and alumina, respec- 
tively. 

Again, good agreement with the theoretical curves is ob- 
tained confirming the applicability of the procedure to co- 
axial lines of various dimensions. 

The results described above were obtained for a thin 
sample of a  medium whose dielectric constant is known 
(air, E, = 1.00) and clearly support the theoretical calcula- 
tions originally proposed by Fan et al6 This procedure was 
used to determine the dielectric constant for thin slabs of 
two “unknown” dielectrics, MgO and LaAl,Os. Figure 4 
shows the measured values of l eff for two thicknesses of 
MgO (d=O.328 mm and d=0.452 mm) obtained with the 
UT-141 coaxial probe at 5 GHz and 10 dBm (0.5 mW). 
For both of these samples, air, teflon, and alumina back- 

Ll I 1 I 1 

PROBE SIZE: o = 0.456 mm. b = 1.493 m m  (UT-141) 
FREOUENCY = 5 GHz. POWER LEVEL = 10 d6m 

z6 
g 

36 
E; 

4 
4 

F: 
v2 - 
I2 i 

ERROR BARS 

SAMPLE 1, d  =  0.328 
SAMPLE 2. d  =  0.452 

m m  
m m  - 

I I 
0.1 1  

THICKNESS d  (mm) 
10  

PIG. 4. Measured values of the effective dielectric constant at room tem- 
perature e& vs sample thickness d in m m  for MgO backed by air, teflon, 
and alumina. The data were obtained using a UT- 14 1 coaxial-line probe at 
5 GHz with a power level of 10 dBm (0.5 mW).  Fitting the data to 
theoretical curves results in a best value of et = 10.4*0.5 for MgG. 

&so 
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PROBE SIZE: a = 0.456 mm. b = 1.493 m m  
FREQUENCY 7 

(UT-141) 
5 GHz. POWER LEVEL = 10 dElm 

BARS f i s 

, / . 
_--’ 

t I 
0.1 

THICKNESS d  (m!m) 

1 
10  

FIG. 5. Measured values of the effective dielectric constant at room tem- 
perature eetr vs sample thickness d in m m  for LaA&O, backed by air, 
teflon, and alumina. The data were obtained using a UT-141 coaxial-line 
probe at 5 GHz with a power level of 10 dBm (0.5 mW).  Fitting the data 
to theoretical curves results is a best value of E, = 25.9 f 1.3. 

ings were used. By adjusting ei, the three curves which best 
fit the data points were generated resulting a value of e1 
= 10.4iO.5 for MgG. Figure 5 shows the measured values 
of eeff for one thickness of LaAl,OX (d = 0.427 mm) backed 
by air, teflon, and alumina, obtained with the UT-141 co- 
axial probe at 5 GHz and 10 dBm (0.5 mW). From the 
theoretical fits, a  value of pi =25.9* 1.3 was obtained. 

V. DISCUSSION 

In Sec. IV, we presented systematic measurements of 
the (real) dielectric constant which were carried out on 
“air samples” with thicknesses ranging over almost three 
decades, backed by infinitely thick teflon and alumina di- 
electric media. Measurements were obtained for various 
coaxial-line dimensions, microwave frequencies, and power 
levels. The experimental results were in good agreement 
with the theoretical work presented by Fan et aZ. 6 in which 
they treat the case of a  thin dielectric sample which is 
backed by a second dielectric medium that is infinitely 
thick by using a spectral domain formulation. The proce- 
dure was applied to two solid dielectrics with finite sample 
thickness, MgO and LaAl,O,. MgO is a low-loss dielectric 
material whose dielectric constant and loss-tangent are 
well known at room temperature. Our value of 10.4AO.5 
for the dielectric constant at 5  GHz is consistent with the 
literature values which range close to 10 at microwave 
frequencies.7 LaAl,O, h as b een classified as a perovskite- 
like compound; its crystallographic properties and struc- 
tural phase transitions are well studied. It has received 
considerable attention because of opportunities for appli- 
cation as a dielectric in high-frequency capacitors and 
magnetohydrodynamic generators. More recently, because 
of its favorable crystallographic and dielectric properties, it 
has been proposed as a substrate material for thin films of 
high T, superconductors. As such, it could prove to be 
extremely valuable in the design of superconducting micro- 

1625 Rev. Sci. Instrum., Vol. 64, No. 6, June 1993 Microwave dielectric constant 1625 



wave circuit components. Reports of the measurement of 
the dielectric constant for LaAl,O, at microwave frequen- 
cies are quite scarce. One report by Miranda et a1.8 pre- 
sents measurements carried out in the ‘D-300 K tempera- 
ture range at frequencies from 26.5 to 40.0 GHz using a 
waveguide technique. They obtained a room temperature 
value of 22 f 1 which did not change appreciably with fre- 
quency. This value decreased by approximately 14% from 
room temperature to 20 R. Our value of 25.9* 1.3 ob- 
tained from a thin sample at 5 GHz compares reasonably 
well. 

As can be seen from Eq. (4), the ratio C2/CI repre- 
sents a fractional correction term for the dielectric constant 
of the sample due to finite thickness. C,, C,, and their ratio 
depend on the dielectric constants of both the sample and 
backing media, the sample thickness and the probe dimen- 
sions as given by Eqs. f 2) and (3). It must be noted that 
these equations were not as successful in calculating abso- 
lute values for C, and C, as they were in calculating the 
ratio. As described above in Sec. II, C1=e,CO represents 
the capacitance due to the fringing field outside of the 
coaxial line when the sample is infinitely thick. Values of 
C, and C, for a given probe are determined experimentally 
during the calibration procedure.3 It was found that the 
value calculated for C,= Ci/e, using Eq. (2) deviated by 
as much as 50% from the experimental value. It is fortu- 
itous that the nature of this error is such that it affects C, 
and C, by the same common factor as calculations of the 
ratio agreed with the experimental data within *3%. 

In an earlier work on solid samples, it was found that 
a very simpIe empirical model based on an exponential fit, 
worked well for the case of samples with a real dielectric 
constant and a finite sample thickness.” The dependence of 
eeff on d was described by 

+=q+ (EZ-EI) q-4 -d/D), (8) 
where et and e2 are defined above and D is an empirical 
parameter. In the earlier work, the infinite medium behind 
the sample was taken to be air with Ed= 1.00. weir was mea- 
sured for various thicknesses of a given material and the 
quantity lnel Q--E, 1 was plotted versus d, with et being 
treated as an adjustable parameter. In this manner, a value 
of e1 was obtained that produced the best linear fit to the 
data. D was then calculated from the slope of the resulting 
straight line. In order to explore the applicability of this 
simple exponential fit, values of E,~ were calculated using 
Eqs. (2), (3), and (4) above for various values of el, with 
e2=1,00, a=0.456 mm, b=1.493 mm, and O<d<2 mm. 
Figure 6 shows the quantity In, 1 eeff-- e1 1 plotted versus d 
over a portion of the range indicated above with E, = 3.3, 
10.4, and 25.9. It can be seen that within the error which is 
typical for these measurements ( f 3%), the exponential fit 
works quite well over the range 0.1 <d< 1.0 mm for the 
three values of et. Deviations occur only for very small 
thicknesses (d<O. 1 mm) and large thicknesses (d> 1.0 
mm). (The a and b dimensions used in the above calcula- 
tions are appropriate for the UT-141 coaxial-line probe, 

se a$, i. 
; 

*. 
z 
L 

: :. .L1.’ f, =“-r,.y 
L ,- 

-1 
t.=10.4 

r 

----I i,=:j.:3 

I 
_ 5-c ,‘.::b! 

TIIICI\\-F:SS 
I .2u : ,L’ 

ti ( Ill111 ) 

FIG. 6. In,\ eccR-el 1 vs sample thickness d in mm, where E,~ has been 
calculated using Eqs. (2). (3), and (4) (see text) for various values of E,, 
with sr= 1.00 and the UT-141 coaxial-line probe dimensions (a=0.456 
mm and b=1.493 mm): (a) open squares+,=3.30, (b) open circles-e, 
= 10.4, and (c) open triangles-e, =25.9. The linear behavior over the 
range 0.1 mm<d<l.O mm demonstrates the applicability of a simple 
empirical fit based on an exponential. 

and it is expected that the range of useful d-values would 
scale with the probe dimensions.) It can be concluded that 
for low-loss materials with real dielectric constants ~25, 
either approach can be used to obtain the dielectric con- 
stant at microwave frequencies from measurements made 
on samples whose thicknesses are such that they cannot be 
treated as semi-infinite. In situations where several sample 
thicknesses are available within the range indicated above, 
the simple exponential fit would be useful, However, in 
situations where only one or two sample thicknesses are 
available and/or the sampie thicknesses extend outside of 
the range, it would be more appropriate to use the more 
detailed calculations based on the work of Fan et aI., and 
which has been formulated above in Eqs. (21, f 31, and 
(4). 

We thank K. Holczer for valuable suggestions regard- 
ing the microwave apparatus. This report is based in part 
upon work supported by the UCLA Center for High Tem- 
perature Superconductivity. 
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