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This paper investigates f -rings that can be constructed in a finite number of steps
where every step consists of taking the fibre product of two f -rings, both being either
a 1-convex f -ring or a fibre product obtained in an earlier step of the construction.
These are the f -rings that satisfy the algebraic property that rings of continuous functions
possess when the underlying topological space is finitely an F-space (i.e. has a Stone–Čech
compactification that is a finite union of compact F-spaces). These f -rings are shown
to be SV f -rings with bounded inversion and finite rank and, when constructed from
semisimple f -rings, their maximal ideal space under the hull-kernel topology contains
a dense open set of maximal ideals containing a unique minimal prime ideal. For a large
class of these rings, the sum of prime, semiprime, primary and z-ideals are shown to be
prime, semiprime, primary and z-ideals respectively.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

A commutative f -ring is 1-convex if for any u, v ∈ A such that 0 � u � v , there is a w ∈ A such that u = w v . Given
f -rings A1, A2, B and surjective �-homomorphisms φ1 : A1 → B and φ2 : A2 → B , the fibre product of A1 and A2, denoted
A1 ×B A2, is the sub- f -ring of A1 × A2 given by A1 ×B A2 = {(a1,a2): φ1(a1) = φ2(a2)}. We say an f -ring (a ring) is a finite
fibre product of the f -rings (rings) A1, A2, . . . , An if it can be constructed in a finite number of steps where every step consists
of taking the fibre product of two f -rings (rings), both of these f -rings (rings) satisfying either the property that it is one
of the Ai not used in a previous step, or it is a fibre product obtained in an earlier step of the construction. An f -ring A is
finitely 1-convex if it is either a 1-convex f -ring or can be written as a finite fibre product of 1-convex f -rings. These are
the f -rings that satisfy the algebraic property that rings of continuous functions possess when the underlying topological
space is finitely an F-space. A topological space X is finitely an F-space if its Stone–Čech compactification is a union of finitely
many closed F-spaces. An often used construction of a space that is finitely an F-space but not an F-space begins with n
copies of a compact F-space X and a certain type of closed nowhere dense set A ⊆ X , and then for each a ∈ A, all n copies
of a are identified as a single point. In [12], it is shown that for a normal space X , C(X) is finitely 1-convex if and only if
X is finitely an F-space.

An f -ring A is an SV f -ring if for every minimal prime ideal P of A, A/P is a valuation domain. A topological space is
an SV space if C(X) is an SV f -ring. Mel Henriksen and Richard Wilson initiated the study of SV rings and spaces with their
1992 papers (see [6,7]). A dozen or more papers have been written that study SV rings and spaces and related matters.
Spaces that are finitely an F-space were introduced in [6] and are of interest because they are relatively easy to construct,
their corresponding ring of continuous functions is an SV f -ring, and the corresponding space of prime ideals is relatively
simple. In 2.9, [6] it is shown that if the space X is finitely an F-space then C(X) is an SV f -ring and in [11], it is shown
that the converse does not hold. Finitely 1-convex f -rings were later introduced in [12] largely because of their connection
to spaces that are finitely an F-space and to SV f -rings. If the space X is compact and finitely an F-space, then, as shown
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in 5.16 of [5], X contains a dense open set of points of rank 1 (i.e. X contains a dense open set of points x for which the
corresponding maximal ideal Mx = { f ∈ C(X): f (x) = 0} contains a unique minimal prime ideal).

In this paper, we investigate commutative semiprime f -rings with identity element that are finitely 1-convex. We will
look at the relationship of a finitely 1-convex f -ring to that of an SV f -ring and an f -ring with finite rank and at the
bounded ring of elements of a finitely 1-convex f -ring. We then will investigate properties of maximal, minimal, prime,
semiprime, primary and z-ideals in finitely 1-convex f -rings. We look at the maximal and minimal prime ideals in a
finitely 1-convex f -ring and will show that for a commutative semiprime finitely 1-convex f -ring with identity element
that is constructed from semisimple f -rings, the space of maximal ideals contains a dense open set of maximal ideals of
rank 1 under the hull-kernel topology. This extends the known result that a compact space that is finitely an F-space has
a dense open set of points for which the corresponding maximal ideal has rank 1. In the last section, we show that there
is a large class of finitely 1-convex f -rings in which the sum of two prime, semiprime, primary and z-ideals is a prime,
semiprime, primary and z-ideal respectively.

2. Preliminaries

Throughout this paper, all rings will be assumed to be commutative semiprime rings with identity element, and with
the exception of Section 4, all rings will be f -rings as well.

An f -ring is a lattice ordered ring that is a subdirect product of totally ordered rings. For general information on f -rings
see [1]. Given an f -ring A, we let A+ = {a ∈ A: a � 0}, and for an element a ∈ A, we let a+ = a ∨ 0, a− = (−a) ∨ 0, and
|a| = a ∨ (−a). If A is an f -ring with identity element, let A∗ = {a ∈ A: |a| � n · 1 for some positive integer n}. Then A∗
is a sub- f -ring of A, and is called the subring of bounded elements. If A is an f -ring with identity element in which every
element a � 1 is invertible, then A is said to be closed under bounded inversion or to have bounded inversion.

An �-homomorphism φ : A → B mapping an f -ring A to an f -ring B is a ring homomorphism such that for all a,b ∈ A,
φ(a ∨ b) = φ(a) ∨ φ(b) and φ(a ∧ b) = φ(a) ∧ φ(b). A ring ideal I of an f -ring is an l-ideal if |a| � |b| and b ∈ I implies
a ∈ I , or equivalently, if it is the kernel of a lattice-preserving homomorphism (�-homomorphism). Given any element a of
an f -ring A, there is a smallest �-ideal containing a, and we denote this by 〈a〉. Given an f -ring A and an �-ideal I of A,
the quotient ring A/I is in fact an f -ring under the usual ring operations on A/I and an order given by a + I � b + I if
there exists i1, i2 ∈ I such that a + i1 � b + i2 in A.

Suppose A is an f -ring and I is an ideal of A. The ideal I is semiprime (resp. prime) if J 2 ⊆ I (resp. J K ⊆ I) implies
J ⊆ I (resp. J ⊆ I or K ⊆ I) for ideals J , K . An �-ideal I of an f -ring is a semiprime (resp. prime) ideal if and only if a2 ∈ I
implies a ∈ I (resp. ab ∈ I implies a ∈ I or b ∈ I). The f -ring A is called semiprime (resp. prime) if {0} is a semiprime (resp.
prime) ideal. It is well known that in an f -ring, an �-ideal I is a semiprime ideal if and only if it is an intersection of
prime �-ideals which are minimal with respect to containing I . If P is a prime �-ideal of the f -ring A, then A/P is a totally
ordered prime ring and all �-ideals of A containing P form a chain. An ideal I of a commutative ring with identity element
is pseudoprime if ab = 0 implies a ∈ I or b ∈ I and is primary if ab ∈ I implies a ∈ I or bn ∈ I for some natural number n.
In a commutative and semiprime ring, a pseudoprime ideal contains a prime ideal.

For an element a of a ring A, we let M A(a) denote the set of all maximal ideals of A containing a. An ideal I of a
commutative ring with identity element is called a z-ideal if whenever a,b ∈ A with M A(a) = M A(b) and a ∈ I , then b ∈ I .
Equivalently, I is a z-ideal if whenever a,b ∈ A with M A(a) ⊆ M A(b) and a ∈ I , then b ∈ I . It is easily seen that every
z-ideal is a semiprime ideal. As is shown in Theorem 1.1 of [13], every minimal prime ideal of an f -ring is a z-ideal.

For any f -ring A, we let Max(A) denote the set of all maximal ideals of A. If a ∈ A, let hc(a) = {M ∈ Max(A): a /∈ M}.
The hull-kernel topology on Max(A) is the topology generated by {hc(a): a ∈ A}. If A has an identity element and satisfies
the bounded inversion property then Max(A), under the hull-kernel topology, will be a compact Hausdorff space (see [4]).

A commutative ring is a valuation ring if given any two elements, one divides the other. An f -ring A is an SV f -ring if for
every minimal prime ideal P of A, A/P is a valuation domain. A commutative f -ring A is said to satisfy the 1st-convexity
condition, or to be 1-convex if for any u, v ∈ A such that 0 � u � v , there is a w ∈ A such that u = w v . In a commutative
f -ring A with identity element and satisfying the 1st-convexity condition, u, v ∈ A with 0 � u � v implies that there is a
w ∈ A such that 0 � w � 1 and u = w v . Every commutative f -ring with the 1st-convexity condition is an SV f -ring and
the following lemma shows a further connection between SV f -rings and f -rings satisfying the 1st-convexity condition.

Lemma 1. ([12, Lemma 5.8]) Suppose A is a commutative f -ring with identity element and bounded inversion. Then A is an SV f -ring
if and only if for every minimal prime ideal P of A, A/P is 1-convex.

Suppose M is a maximal �-ideal of an f -ring A. The rank of M is the number of minimal prime ideals contained in M
if the set of all such minimal prime ideals is finite, and the rank of M is infinite otherwise. We let rankA(M) denote the
rank of the maximal �-ideal M in the f -ring A. If A is an f -ring, then the rank of A is the supremum of the ranks of the
maximal �-ideals of A. The f -ring A is said to have finite rank if the rank of A is finite. A commutative semiprime 1-convex
f -ring with identity element has rank 1 as was shown in Theorem 5.6 of [12] and also has the property that all ideals are
�-ideals (see [8]). As a result, the set of all prime ideals contained in a given maximal ideal of a commutative semiprime
1-convex f -ring with identity element form a chain.
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An F-space is a (completely regular) topological space X such that in C(X), the ring of all real-valued continuous func-
tions defined on X , every finitely generated ideal is principal. A number of conditions, both topological conditions on X ,
and algebraic conditions on C(X), are equivalent to X being an F-space and appear in 14.25 of [2], 1 of [15], and 2.4 of [8].
One particular equivalence we will make use of is that a topological space X is an F-space if and only if C(X) is 1-convex.
For a given function f ∈ C(X), the zeroset of f is Z( f ) = {x ∈ X: f (x) = 0}. A topological space X is finitely an F-space
if its Stone–Čech compactification, β X , is a union of finitely many closed F-spaces. See [2] for more information on the
Stone–Čech compactification of a space X .

3. Basic properties of finitely 1-convex f -rings

Given f -rings (rings) A1, A2, B and surjective �-homomorphisms (homomorphisms) φ1 : A1 → B and φ2 : A2 → B , recall
that the fibre product of A1 and A2, denoted A1 ×B A2, is the sub- f -ring (subring) of A1 × A2 given by A1 ×B A2 = {(a1,a2) ∈
A1 × A2: φ1(a1) = φ2(a2)}. It is worth noting that if A1 = A2 = B is an f -ring (ring) and the identity �-homomorphisms
(homomorphisms) are used, then the fibre product A1 ×B A2 = {(a,a): a ∈ A1} ∼= A1. On the other hand, if A1, A2 are f -
rings (rings) and B = {0}, then the fibre product A1 ×B A2 = {(a1,a2): a1 ∈ A1,a2 ∈ A2} ∼= A1 × A2 (the direct product of
A1, A2).

We say an f -ring (a ring) is a finite fibre product of the f -rings (rings) A1, A2, . . . , An if it can be constructed in a finite
number of steps where every step consists of taking the fibre product of two f -rings (rings), both of these f -rings (rings)
satisfying either the property that it is one of the Ai not used in a previous step, or it is a fibre product obtained in an
earlier step of the construction. Note that by including the requirement that the f -rings (rings) Ai not be used in more
than one step of the construction, we simply require every time a ring is used that is not a fibre product obtained in an
earlier step of the construction, that ring be included as an entry in the listing of the Ai ’s, even if it causes a repetition of
rings in the listing. For example, we say (A ×B1 A′) ×B2 A is a finite fibre product of the rings A, A′, A, and we say A ×A A
is a finite fibre product of A, A.

Our definition of a finite fibre product of the f -rings (rings) A1, A2, . . . , An allows for variations in the steps taken when
constructing such a ring. We may assume that the steps in the construction make use of the f -rings (rings) A1, A2, . . . , An

in the order listed and that the first step of the construction yields an f -ring (ring) of the form A1 ×B1 A2. Still, later
steps could involve taking the fibre product of an f -ring (ring) resulting from an earlier step and the “next” Ai that has
not been used in an earlier step, could involve taking the fibre product of two f -rings (rings) resulting from earlier steps,
or could involve taking the fibre product of the “next” two Ai that have not been used in an earlier step. For example,
the construction of a finite fibre product of the f -rings A1, A2, A3, A4 could result in an f -ring of the form ((A1 ×B1

A2)×B2 A3)×B3 A4 or of the form (A1 ×B1 A2)×B3 (A3 ×B2 A4). As the next theorem will indicate, every finite fibre product
constructed from the f -rings (rings) A1, A2, . . . , An is isomorphic to a finite fibre product constructed first by taking the
fibre product of A1, A2, then at each stage taking the fibre product of the f -ring (ring) that resulted from the previous step
and the next f -ring (ring) in the list of the Ai ’s. First, however, we need a version of Goursat’s lemma for rings. A similar
lemma, given in a different context, appears in [16]. Recall also that a subdirect product of the rings A1, A2, . . . , An is a
subring of A1 × A2 × · · · × An for which each projection mapping onto Ai is surjective.

Lemma 2. Suppose A, A1, A2 are commutative semiprime f -rings (rings) with identity element and A ⊆ A1 × A2 is a subdirect
product of A1, A2 . Then there is a commutative f -ring (ring) B such that A ∼= A1 ×B A2 .

Proof. We prove the result for f -rings. Define I1 = {a ∈ A1: (a,0) ∈ A} and I2 = {a ∈ A2: (0,a) ∈ A}. Then I1, I2 are �-ideals
of A1, A2 respectively. We will show that A1/I1 ∼= A2/I2. To do so, define ψ : A1/I1 → A2/I2 by ψ(a1 + I1) = a2 + I2 where
a2 ∈ A2 is chosen such that (a1,a2) ∈ A. First we will show that ψ is a well defined mapping. So suppose that a2,a3 ∈ A2
such that (a1,a2), (a1,a3) ∈ A. Then (a1,a2)−(a1,a3) = (0,a2 −a3) ∈ A and so a2 −a3 ∈ I2. This implies that a2 + I2 = a3 + I2
and hence ψ is well defined. It is straightforward to see that ψ preserves the operations of addition, multiplication, and
taking supremum. To see that ψ is injective, suppose that ψ(a + I1) = ψ(a′ + I1). Then b + I2 = b′ + I2 for some b,b′ ∈ A2
with (a,b), (a′,b′) ∈ A. So b − b′ ∈ I2, and (0,b − b′) ∈ A. Then (a − a′,0) = (a,b) − (a′,b′) − (0,b − b′) ∈ A. It follows that
a − a′ ∈ I1 and a + I1 = a′ + I1. That ψ is surjective follows from the fact that A is a subdirect product of A1, A2. Thus ψ is
an �-homomorphism and A1/I1 ∼= A2/I2.

Now let B = A2/I2, let φ1 be ψ composed with the natural �-homomorphism mapping A1 to A1/I1, and let φ2 be the
natural �-homomorphism mapping A2 to A2/I2. Then it is straightforward to show that A = A1 ×B A2. �

Note that any fibre product of the f -rings (rings) A1, A2 is a subdirect product of A1, A2.

Theorem 3. Suppose A, A1, A2, . . . , An are commutative semiprime f -rings (rings) with identity element and A is a finite fibre
product of the f -rings (rings) A1, A2, . . . , An. Then there are f -rings (rings) B1, B2, . . . , Bn such that A is �-isomorphic (isomorphic)
to ((

(A1 ×B1 A2) ×B2 A3
) · · · ×Bn−2 An−1

) ×Bn−1 An.
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Proof. We will prove the result for f -rings. Suppose A is a finite fibre product of the f -rings A1, A2, . . . , An . We may
suppose that the steps in the construction of A make use of the f -rings A1, A2, . . . , An in the order listed and that the first
step of the construction yields A1 ×B1 A2 for some f -ring B1. We proceed by induction on the number of f -rings used in
the construction of A. If n = 2, A = A1 ×B1 A2, and there is nothing we need prove. Note that if n = 3, then A is either
(A1 ×B1 A2) ×B2 A3 or A3 ×B2 (A1 ×B1 A2) for some f -ring B2. Since the second of these is isomorphic to the first, the
result holds when n = 3.

Now suppose that the desired result holds for any finite fibre product constructed from k f -rings, where 2 < k < n.
The final step of the construction of A is to take a fibre product of two f -rings, say K0, K1, where either (i) K0 is a
finite fibre product involving A1, A2, . . . , An−1 obtained in an earlier step of the construction and K1 = An , or (ii) K0 = An

and K1 is a finite fibre product involving A1, A2, . . . , An−1 obtained in an earlier step of the construction, or (iii) K0 is
a finite fibre product involving A1, A2, . . . , At obtained in an earlier step of the construction for some t < n − 1 and K1
is a finite fibre product involving At+1, At+2, . . . , An obtained in an earlier step of the construction. If (i) holds, by our
induction hypothesis K0 ∼= ((A1 ×B1 A2) ×B2 A3) · · · ×Bn−2 An−1 for some f -rings B1, B2, . . . , Bn−2. Then A ∼= (((A1 ×B1

A2) ×B2 A3) · · · ×Bn−2 An−1) ×Bn−1 An for some f -ring Bn−1 and we are done. Similarly, if (ii) holds, K1 ∼= ((A1 ×B1 A2) ×B2

A3) · · · ×Bn−2 An−1 for some f -rings B1, B2, . . . , Bn−2, and A ∼= An ×Bn−1 (((A1 ×B1 A2) ×B2 A3) · · · ×Bn−2 An−1) ∼= (((A1 ×B1

A2) ×B2 A3) · · · ×Bn−2 An−1) ×Bn−1 An for some f -ring Bn−1. If (iii) holds, then by our induction hypothesis K0 ∼= ((A1 ×B1

A2) ×B2 A3) · · · ×Bt−1 At for some f -rings B1, B2, . . . , Bt−1 and K1 = (((At+1 ×Ct+1 At+2) ×Ct+2 At+3) · · · ×Cn−1 An) for some
f -rings Ct+1, Ct+2, . . . , Cn−1. Let Kt = K0 and define recursively, for i = t + 1, . . . ,n − 1,

Ki = {(((
(a1,a2),a3

)
, . . . ,ai−1

)
,ai

)
:

((
(a1,a2),a3

)
, . . . ,ai−1

) ∈ Ki−1, and there exists

ai+1,ai+2, . . . ,an such that
((

(at+1,at+2),at+3
)
, . . . ,an

) ∈ K1
}
.

Then Kt+1 ⊆ Kt × At+1 is a subdirect product of Kt and At+1, and so by the previous lemma, there is an f -ring Bt such
that Kt+1 ∼= Kt ×Bt At+1 ∼= (((A1 ×B1 A2) ×B2 A3) · · · ×Bt−1 At) ×Bt At+1. Repeating this argument for Kt+2, . . . , Kn−1 results
in Kn−1 ∼= ((A1 ×B1 A2) ×B2 A3) · · · ×Bn−2 An−1. Finally, A is �-isomorphic to a subdirect product of Kn−1 and An , and so by
the previous lemma, A ∼= Kn−1 ×Bn−1 An for some f -ring Bn−1. Hence A ∼= Kn−1 ×Bn−1 An ∼= (((A1 ×B1 A2) ×B2 A3) · · · ×Bn−2

An−1) ×Bn−1 An for f -rings B1, B2, . . . , Bn−1. �
Every finite fibre product of the f -rings A1, A2, . . . , An is �-isomorphic to a sub- f -ring of A1 × A2 × · · · × An . We let

ψ : A → A1 × A2 ×· · ·× An denote an �-embedding. To aid in our investigation, we adopt the following notational convention:
for i = 1,2, . . . ,n,

πi : A → Ai will denote the projection mapping of ψ(A) onto Ai composed with ψ.

Note that for each i, πi is surjective.

Definition 4. An f -ring A is finitely 1-convex if it is either a 1-convex f -ring or can be written as a finite fibre product of
1-convex f -rings.

Next we give an example of a finitely 1-convex f -ring that we will make use of several times.

Example 5. Let R[x] denote the ring of polynomials over the reals in one indeterminate. Totally order R[x] lexicographically,
so that 1 � x � x2 � · · · . Now let A1 = { p

q : p,q ∈ R[x], q � 1} under the usual addition and multiplication of quotients of

polynomials and under the order induced by the order on R[x]. That is, p1
q1

� p2
q2

if and only if p1q2 � p2q1. Then A1 is a

totally ordered 1-convex f -ring. Let A2 = { f ∈ C(N): ∃n0 ∈ N, r ∈ R such that f (n) = r ∀n � n0} under the usual addition,
multiplication, and partial order of functions. Then A2 is also a 1-convex f -ring. Define φ1 : A1 → R by φ1(

p
q ) = p(0)

q(0)

and φ2 : A2 → R by φ2( f ) = r where there exists n0 ∈ N such that f (n) = r for all n � n0. Both φ1, φ2 are surjective �-
homomorphisms. Then the f -ring A1 ×R A2 = {( p

q , f ) ∈ A1 × A2: p(0)
q(0)

= f (n0), where f (n) = f (n0) for all n � n0} is finitely
1-convex.

A topological space X is finitely an F-space if its Stone–Čech compactification is a union of finitely many closed F-spaces.
Suppose X is a compact space that is finitely an F-space. Then, as shown in Theorem 5.3 of [12], C(X) is a finitely 1-convex
f -ring. In fact, if X = X1 ∪ X2 for some compact F-spaces X1, X2, then

C(X) ∼= C(X1) ×C(X1∩X2) C(X2)

where the required �-homomorphisms are the restriction mappings of the form f → f |X1∩X2 . An inductive argument can
be employed to show that if X = ⋃n

i=1 Xi for compact F-spaces X1, X2, . . . , Xn then C(X) is finitely 1-convex. Conversely,
if C(X) is finitely 1-convex (and X is compact), then X is finitely an F-space as is also shown in Theorem 5.3 of [12].

Suppose B is a 1-convex f -ring and Q a semiprime �-ideal of B . One type of finitely 1-convex f -ring that is particularly
nice to work with can be constructed as the sub- f -ring of

∏n
i=1 B given by A = {(b1,b2, . . . ,bn): bi − b j ∈ Q for all i, j}.
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Indeed, the f -ring A could be written as a finite fibre product of n copies of B in the form ([(B ×B/Q B)×B/Q B] · · ·×B/Q B).
We will say that an f -ring (ring) A is a homogeneously finite fibre product if there is an f -ring (ring) B and a semiprime
�-ideal (ideal) Q of B such that A is �-isomorphic to the sub- f -ring (subring) of B × B × · · · × B given by {(b1,b2, . . . ,bn):
bi − b j ∈ Q for all i, j = 1,2, . . . ,n}.

Definition 6. An f -ring A is homogeneously finitely 1-convex if there is a 1-convex f -ring B and semiprime �-ideal Q
of B such that A is �-isomorphic to the sub- f -ring of B × B × · · · × B given by {(b1,b2, . . . ,bn): bi − b j ∈ Q for all
i, j = 1,2, . . . ,n}.

Because finitely 1-convex f -rings were first introduced in connection with the study of SV f -rings and f -rings of finite
rank, it is appropriate to begin with a theorem that helps to show the relationship of a finitely 1-convex f -ring to that of
an SV f -ring and an f -ring with finite rank. The proof of this theorem will make use of the fact that a finitely 1-convex
f -ring necessarily satisfies the bounded inversion property as was noted in [12], and the following well-known result that
follows directly from Proposition 3 of [3].

Theorem 7. Suppose A is a commutative semiprime f -ring with identity element. If M is a maximal ideal of A and a is an element in
the intersection of all the minimal prime ideals contained within M, there is an element b /∈ M such that ab = 0.

Theorem 8. Suppose A is a commutative semiprime f -ring with identity element. Then (1) ⇒ (2) ⇒ (3) ⇒ (4).

(1) A is a finitely 1-convex f -ring.
(2) A is an SV f -ring with finite rank and bounded inversion.
(3) For every u, v such that 0 � u � v, there are finitely many elements w1, w2, . . . , wn ∈ A such that 0 = (u − w1 v)(u −

w2 v) · · · (u − wn v).
(4) A is an SV f -ring.

Proof. (1) ⇒ (2) appears in Theorems 5.5 and 5.7 of [12].
(2) ⇒ (3): Suppose 0 � u � v . We first show that for any maximal ideal M , there exist finitely many elements

w M,1, w M,2, . . . , w M,tM and an element aM ∈ M+ such that (u − w M,1 v)(u − w M,2 v) · · · (u − w M,tM v)aM = 0. Let M be
a maximal ideal and let tM = rankA(M). Suppose the minimal prime ideals contained in M are P M,1, P M,2, . . . , P M,tM .
Since A is an SV f -ring, each factor f -ring A/P M,i is 1-convex by Lemma 1. So for each i = 1,2, . . . , tM , there is
a w M,i ∈ A such that u + P M,i = (w M,i + P M,i)(v + P M,i) in A/P M,i . Then u − w M,i v ∈ P M,i for each i. This implies
(u − w M,1 v)(u − w M,2 v) · · · (u − w M,tM v) ∈ ⋂tM

i=1 P M,i . So by the previous theorem there is an aM � 0 such that aM /∈ M and
(u − w M,1 v)(u − w M,2 v) · · · (u − w M,tM v)aM = 0.

Now the collection {hc(aM): M ∈ Max(A)} is an open cover of Max(A). Because A has bounded inversion, Max(A) is
compact and so there is a finite subcover of Max(A). We will denote the subcover by {hc(aM1 ),hc(aM2 ), . . . ,hc(aMn )}. Then
aM j

∏n
i=1(u − w Mi ,1 v)(u − w Mi ,2 v) · · · (u − w Mi ,tMi

v) = 0 for each j = 1,2, . . . ,n. So[
n∑

j=1

aM j

][
n∏

i=1

(u − w Mi ,1 v)(u − w Mi ,2 v) · · · (u − w Mi ,tMi
v)

]

=
n∑

j=1

[
aM j

n∏
i=1

(u − w Mi ,1 v)(u − w Mi ,2 v) · · · (u − w Mi ,tMi
v)

]

= 0.

Now
∑n

j=1 aM j is not contained in any maximal ideal since
∑n

j=1 aM j � aMi � 0 for each i, and since A has bounded
inversion, every maximal ideal is an �-ideal and does not contain (at least) one of the aMi . Because A has bounded inversion,
then

∑n
j=1 aM j is a unit of A. This implies that

∏n
i=1(u − w Mi ,1 v)(u − w Mi ,2 v) · · · (u − w Mi ,tMi

v) = 0.
(3) ⇒ (4): Suppose u, v ∈ A, P is a minimal prime ideal of A, and 0 � u + P � v + P in A/P . Then there are p1, p2

such that 0 � u + p1 � v + p2 in A. Let u′ = u + p1, v ′ = v + p2. By (3), there is a finite number of wi ∈ A such that
(u′ − w1 v ′)(u′ − w2 v ′) · · · (u′ − wn v ′) = 0 ∈ P . Since P is a prime ideal, there is an i such that u′ − wi v ′ ∈ P . Then u + p1 −
wi(v + p2) ∈ P and it follows that u − wi v ∈ P . So u + P = (wi + P )(v + P ). This shows A/P is 1-convex and hence by
Lemma 1, A is an SV f -ring. �

Property (2) does not imply property (1) in the previous theorem. In [11], an example of a normal topological space X is
constructed such that C(X) is an SV f -ring of finite rank, while X is not finitely an F-space. Since a normal topological space
is finitely an F-space if and only if its corresponding ring of continuous functions is finitely 1-convex, this C(X) provides
an example of a commutative semiprime SV f -ring with identity element and bounded inversion that has finite rank and
bounded inversion and yet is not finitely 1-convex.
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Note that for a C(X) for X a compact space, properties (2), (3), and (4) of the previous theorem are equivalent since
every SV C(X) has finite rank and bounded inversion. (See 4.1 of [5].) However, in general f -rings, property (2) is neither
equivalent to property (3) nor to property (4) and we do not know if properties (3) and (4) are equivalent. The next example
demonstrates that neither property (3) nor property (4) of the previous theorem implies property (2).

Example 9. Let βN denote the Stone–Čech compactification of the natural numbers N. Let α ∈ βN − N be a point for which
there is a Gδ set containing α that fails to be a neighborhood of α (i.e. let α be a non-P-point). Let Y denote the topological
space N ∪ {α} under the subspace topology relative to βN. Note that Y is an F-space and so C(Y ) is 1-convex. For each
n ∈ N, let Xn denote the topological space obtained by taking n copies of Y and pasting them together at α. We will call
the identified point αn . It is straightforward to show that for each n, C(Xn) is an SV f -ring of rank n. Then by the previous
theorem, property (3) holds in each C(Xn). Now let X = ⋃∞

n=1 Xn .
We define the f -ring A as follows. Let A = { f ∈ C(X): f = m + g , where g ∈ C(X), g|Xn = 0 for all but finitely many n

and m ∈ C(X) is a constant function }. It is not difficult to see that A is a sub- f -ring of C(X). We will show that property (3)
of the previous theorem holds in A. So suppose 0 � u � v in A, where u = m1 + g1, v = m2 + g2, m1,m2 are constant
functions on X and g1, g2 ∈ C(X) with g1|Xn , g2|Xn = 0 for all but finitely many n. Let t ∈ N be such that g1|Xn , g2|Xn = 0
for all n > t . First assume that m2 = 0. Then m1 = 0 and u|Xn = v|Xn = 0 for all n > t . Putting this together with the fact
that for n = 1,2, . . . , t , C(Xn) satisfies property (3), it follows easily that A satisfies property (3). Now assume m2 �= 0. Then
u|Xn = m1, v|Xn = m2 for all n > t . So (u − m1

m2
v)|Xn = 0 for all n > t . This, together with the fact that for n = 1,2, . . . , t , C(Xn)

satisfies property (3), implies that A satisfies property (3). By the previous theorem, then A also satisfies property (4).
Now for each n ∈ N, a maximal ideal of A is Mn = { f ∈ A: f (αn) = 0}. For each n, let Yn,i denote the ith copy of Y used

in the construction of Xn . Then let Pn,i = { f ∈ A: f (U ∩ Yn,i) = 0 for some neighborhood U of αn}. For i = 1,2, . . . ,n, Pn,i is
a minimal prime ideal contained in Mn . This shows that for each n ∈ N, Mn has rank at least n. So A has infinite rank, and
property (2) does not hold in A. Also, note A satisfies the bounded inversion property since if f � 1 and f = m + g where
g ∈ C(X), g|Xn = 0 for all but finitely many n and m ∈ C(X) is a constant function, then 1

f − 1
m ∈ C(X) with ( 1

f − 1
m )|Xn = 0

for all but finitely many n and f −1 = 1
m + ( 1

f − 1
m ) ∈ A.

If A is a commutative semiprime f -ring with identity element and bounded inversion, then A has finite rank if and
only if A∗ has finite rank as shown in Proposition 3.2 of [5]. A commutative semiprime f -ring A with identity element
and bounded inversion is SV if and only if A∗ is SV. For a commutative semiprime finitely 1-convex f -ring with identity
element, we can show that the sub- f -ring of bounded elements is also finitely 1-convex.

Theorem 10. Suppose A is a commutative semiprime f -ring with identity element. If A is finitely 1-convex then A∗ is also finitely
1-convex.

Proof. It will be sufficient to establish that (i) if A is 1-convex, then A∗ is a 1-convex f -ring and (ii) if A = A1 ×B A2 where
A1, A2 are finitely 1-convex f -rings, A∗

1, A∗
2 are finitely 1-convex f -rings, and φ1 : A1 → B , φ2 : A2 → B are surjective

�-homomorphisms then A∗ is finitely 1-convex. An induction argument would then show the result holds for all finitely
1-convex f -rings. So, first assume that A is 1-convex and that 0 � u � v in A∗ . Since A is 1-convex, there is a w ∈ A such
that u = w v . Then w ∧ 1 ∈ A∗ and u = (w ∧ 1)v . Hence A∗ is 1-convex.

Next suppose that A = A1 ×B A2 where A1, A2 are finitely 1-convex f -rings, A∗
1, A∗

2 are finitely 1-convex f -rings, and φ1 :
A1 → B , φ2 : A2 → B are surjective �-homomorphisms. For i = 1,2, define φ∗

i : A∗
i → B∗ to be the restriction mapping φi |A∗

i
.

It is not hard to see that φ∗
i preserves the ring and lattice operations. So to show that φ∗

i is a surjective �-homomorphism
mapping A∗

i onto B∗ we need only show that it is surjective. Suppose that b ∈ B∗ . Then there is an m ∈ N such that b � m ·1.
Since φi is surjective, there exists an a ∈ Ai such that φi(a) = b. Then a ∧ m · 1 ∈ A∗

i and φ∗
i (a ∧ m · 1) = φi(a ∧ m · 1) =

φi(a) ∧ φi(m · 1) = b ∧ m · 1 = b. Hence φ∗
i is surjective. It is now straightforward to show that A∗ = A∗

1 ×B∗ A∗
2. Hence A∗ is

finitely 1-convex. �
When the f -ring A does not have the bounded inversion property, it is possible for A∗ to be finitely 1-convex, while A

is not finitely 1-convex. For example, the f -ring R[x] of polynomials with real coefficients under the total ordering in which
1 � x � x2 � x3 � · · · has the property that A∗ = R is a 1-convex f -ring, while A is not finitely 1-convex (or even SV).

4. Ideals in fibre products of (unordered) rings

Some of the basic properties of ideals in finitely 1-convex f -rings that we will use do not depend on the existence of a
partial order on the ring. These properties hold in finite fibre products of commutative, but not necessarily partially ordered
rings. The purpose of this section is to gather together these basic properties that do not depend on the existence of a
partial order.

The following lemma provides us with a means for constructing ideals of various types in a finite fibre product of
commutative rings. Its proof is straightforward, and omitted.
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Lemma 11. Let A be a commutative semiprime ring with identity element. Suppose that A is a finite fibre product constructed from
the rings A1, A2, . . . , An. Let j ∈ {1,2, . . . ,n}.

(1) If M j is a maximal ideal of A j then π−1
j (M j) is a maximal ideal of A.

(2) If P j is a prime ideal of A j then π−1
j (P j) is a prime ideal of A.

(3) If P j is a pseudoprime ideal of A j then π−1
j (P j) is a pseudoprime ideal of A.

(4) If P j is a semiprime ideal of A j then π−1
j (P j) is a semiprime ideal of A.

(5) If P j is primary and pseudoprime ideal of A j then π−1
j (P j) is a primary and pseudoprime ideal of A.

(6) If P j is z-ideal of A j then π−1
j (P j) is a z-ideal of A.

In fact, for several types of ideals, every ideal of that type is of the form given in the previous lemma, as our next
theorem indicates.

Theorem 12. Let A be a commutative semiprime ring with identity element. Suppose that A is a finite fibre product constructed from
the rings A1, A2, . . . , An.

(1) If I is an ideal of A and j ∈ {1,2, . . . ,n} then π−1
j ({0}) ⊆ I if and only if I = π−1

j (π j(I)).

(2) Every prime ideal of A has the form π−1
j (P j) for some j ∈ {1,2, . . . ,n} and prime ideal P j of A j .

(3) Every minimal prime ideal of A has the form π−1
j (P j) for some j ∈ {1,2, . . . ,n} and minimal prime ideal P j of A j .

(4) Every maximal ideal of A has the form π−1
j (M j) for some j ∈ {1,2, . . . ,n} and maximal ideal M j of A j .

(5) Every pseudoprime ideal of A has the form π−1
j (I j) for some j ∈ {1,2, . . . ,n} and pseudoprime ideal I j of A j .

(6) Every semiprime ideal of A is an intersection of finitely many semiprime ideals of the form π−1
j (I j) for some j ∈ {1,2, . . . ,n} and

semiprime ideal I j of A j .

(7) Every primary and pseudoprime ideal of A has the form π−1
j (I j) for some j ∈ {1,2, . . . ,n} and primary and pseudoprime ideal

I j of A j .

(8) Every z-ideal of A is an intersection of finitely many z-ideals of the form π−1
j (I j) for some j ∈ {1,2, . . . ,n} and z-ideal I j of A j .

Proof. (1): This follows from the fourth isomorphism theorem.
(2), (3): Let P be a prime ideal of A. Note that π−1

i ({0}) is an ideal for i = 1,2, . . . ,n, and that π−1
1 ({0}) ·

π−1
2 ({0}) · · ·π−1

n ({0}) = {0} ⊆ P . Since P is prime, π−1
j ({0}) ⊆ P for some j. Now π j(P ) is an ideal of A j that we will

show is prime. Suppose a j,b j ∈ A j and a jb j ∈ π j(P ). There exists a,b, c ∈ A such that π j(a) = a j , π j(b) = b j , π j(c) = a jb j ,
and c ∈ P . Then c − ab ∈ π−1

j ({0}) ⊆ P . Since c ∈ P , then ab ∈ P . Since P is prime, a ∈ P or b ∈ P . This implies a j ∈ π j(P )

or b j ∈ π j(P ). Hence π j(P ) is prime. By (1), P = π−1
j (π j(P )). Next, we note that if P is a minimal prime ideal, then π j(P )

must also be a minimal prime ideal; for if not, there is a prime ideal Q of A j that is a proper subset of π j(P ), which then
would imply π−1

j (Q ) is a prime ideal properly contained in π−1
j (π j(P )) = P , contrary to P being a minimal prime ideal

of A.
(4): Let M be a maximal ideal of A. First suppose for each j that π j(M) = A j . Then for each j, there is a p j ∈ M+ such

that π j(p j) = π j(1). Since in a commutative ring with identity element, every maximal ideal is a prime ideal, M is a prime
ideal. Then (1 − p1)(1 − p2) · · · (1 − pn) = 0 implies 1 − p j ∈ M for some j. But then p j ∈ M implies 1 ∈ M , a contradiction.
Hence there must exist a j such that π j(M) is a proper subset of A j . Define M j = π j(M). Then M j is an ideal of A j . Now
M ⊆ π−1

j (M j) and since M is a maximal ideal of A, M = π−1
j (M j).

(5): Suppose I is a pseudoprime ideal of A. Then by (2), there is a prime ideal of the form π−1
j (P j) (for some j and prime

ideal P j of A j) contained in I . Because π−1
j ({0}) ⊆ π−1

j (P j) ⊆ I , (1) implies I = π−1
j (π j(I)). Now π j(I) is a pseudoprime

ideal of A j since P j ⊆ π j(I).
(6): Let I be a semiprime ideal of A. Then I is an intersection of prime ideals of A, and by (2), each of these prime ideals

has the form π−1
j (P ) for some j and prime ideal P of A j . For j = 1,2, . . . ,n, let {Pα j : α j ∈ Λ j} denote the collection of

prime ideals of A j used in forming this intersection. For j = 1,2, . . . ,n let I j = ⋂
α j

Pα j . Then each I j is a semiprime ideal

of A j and I = ⋂n
j=1 π−1

j (I j).

(7): Suppose I is a primary and pseudoprime ideal of A. Since I is pseudoprime, (5) implies I = π−1
j (I j) for some

pseudoprime ideal I j of A j . We will show that I j is also primary. Suppose that a′b′ ∈ I j . Let a,b ∈ A such that π j(a) = a′ and
π j(b) = b′ . Then ab ∈ π−1

j (I j) = I . Since I is primary, a ∈ I or bm ∈ I for some m. Then π j(a) = a′ ∈ I j or (π j(b))m = b′m ∈ I j .
Hence I j is pseudoprime and primary in A j .
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(8): Let I be a z-ideal of A. Since any z-ideal is semiprime, I is the intersection of the prime ideals minimal with respect
to containing I , and by (2), each of these prime ideals has the form π−1

j (P ) for some j and prime ideal P of A j . Now each
of these prime ideals is a z-ideal by Theorem 1.1 of [13], which states that in a commutative ring every minimal ideal in the
class of prime ideals containing a z-ideal is a z-ideal. For j = 1,2, . . . ,n, let {Pα j : α j ∈ Λ j} denote the collection of prime
ideals of A j used in forming this intersection. For j = 1,2, . . . ,n let I j = ⋂

α j
Pα j . Then each I j is an intersection of z-ideals

and hence is a z-ideal of A j . Then I = ⋂n
j=1 π−1

j (I j). �
The next example demonstrates that we must take care when using these methods to construct a minimal prime ideal

of a finite fibre product ring. In fact, when A is a finite fibre product constructed from the rings A1, A2, . . . , An and Pk is a
minimal prime ideal of Ak , the prime ideal π−1

k (Pk) is not necessarily a minimal prime ideal of A. The example we present
is in fact an f -ring, demonstrating that even the addition of a partial order structure does not guarantee that for a minimal
prime ideal Pk of a coordinate ring Ak , the ideal π−1

k (Pk) is a minimal prime ideal.

Example 13. Let A be the finitely 1-convex f -ring defined in Example 5. Let P1 = {0} in A1 and P2 = { f ∈ A2: ∃n0 ∈ N such
that f (n) = 0 ∀n � n0} in A2. Then P1, P2 are minimal prime ideals of A1, A2 respectively. Then π−1

1 (P1) = {(a1,a2) ∈ A:
a1 = 0, a2 is eventually 0} is a prime ideal of A and π−1

2 (P2) = {(a1,a2) ∈ A: a1 ∈ 〈x〉, a2 is eventually 0} is also a prime
ideal of A. However, π−1

1 (P1) is a proper subset of π−1
2 (P2) and so π−1

2 (P2) is a prime ideal, but not a minimal prime
ideal of A.

In certain homogeneously finite fibre product rings, we can characterize all minimal prime ideals in terms of the minimal
prime ideals of the coordinate rings. In the proof of the next theorem we will make use of the fact that in a commutative
ring with identity element, a prime ideal P is a minimal prime ideal if and only if for every p ∈ P , there exists q /∈ P such
that pq = 0. This is a re-statement of the fact that a prime ideal P in the commutative ring A with identity element is a
minimal prime ideal if and only if A − P is a maximal multiplicative system. (A multiplicative system of a commutative ring
A is a set of elements closed under multiplication.) See Chapter V of [14] for more detail.

Theorem 14. Suppose A is a commutative semiprime ring with identity element. Suppose A is a homogeneously finite fibre product
constructed from n copies of the ring B and the semiprime ideal Q . If P is a minimal prime ideal of B, then π−1

i (P ) is a minimal prime
ideal of A for i = 1,2, . . . ,n.

Proof. Suppose P is a minimal prime ideal of B . By Lemma 11, π−1
i (P ) is a prime ideal of A. We need only show that

π−1
i (P ) is minimal. We do so by showing for any p ∈ π−1

i (P ) there is a q ∈ A − π−1
i (P ) such that pq = 0. Let p ∈ π−1

i (P ).
Then πi(p) ∈ P and since P is a minimal prime ideal of B , there is a bi ∈ B − P such that biπi(p) = 0. Consider the case
where Q � P . Then there is a q′ ∈ Q − P . Let q denote the element of A such that πi(q) = biq′ and for all j �= i, π j(q) = 0.
Then q ∈ A − π−1

i (P ) and pq = 0. Next, consider the case where Q ⊆ P . Then for each j �= i, π j(p) = πi(p) + q j for some
q j ∈ Q . For each j �= i, q j ∈ P and so there exists r j ∈ B − P such that r jq j = 0. Let r = bi

∏
j �=i r j . Then r ∈ B − P and the

element q defined by πk(q) = r for every k satisfies pq = 0, while q ∈ A − π−1
i (P ). �

Suppose A is a commutative semiprime ring with identity element that is a finite fibre product constructed from the
rings A1, A2, . . . , An . It should be noted that while part (7) of Theorem 12 asserts that every primary and pseudoprime ideal
of A has the form π−1

j (I j) for some j ∈ {1,2, . . . ,n} and primary and pseudoprime ideal I j of A j , not every primary ideal

of A need be pseudoprime and not every primary ideal of A need be of the form π−1
j (I j) for a primary ideal I j of A j . This

is the case even when A has a partial ordering; more specifically this is the case even when A is a finitely 1-convex f -ring
constructed from 1-convex f -rings as our next example demonstrates.

Example 15. Let R[x] denote the ring of polynomials over the reals in one indeterminate. Totally order R[x] lexicograph-
ically, so that 1 � x � x2 � · · · . Now let B = { p(x)

q(x) : p(x),q(x) ∈ R[x], q(0) �= 0 and q > 0} under the usual addition and

multiplication of quotients of polynomials and under the order induced by the order on R[x]. That is, p1
q1

� p2
q2

if and only

if p1q2 � p2q1. Then B is a totally ordered 1-convex f -ring. Let Q = 〈x〉 in B , and let A = {(a,b) ∈ B × B: a − b ∈ Q }.
Then A is (homogeneously) finitely 1-convex. In A, consider the �-ideal I = {(a,b) ∈ A: a,b � nx2 for some natural num-
ber n}. Then I is an �-ideal of A and we will show that I is primary. Suppose ( f , g)(h,k) ∈ I , and ( f , g) /∈ I . Then either
f � nx2 or g � nx2 for all natural numbers n. We may suppose that f � nx2 for all natural numbers n. Then h must be in
Q and by the definition of A, k ∈ Q . So, (h,k)N ∈ I for some natural number N . Thus I is a primary ideal. Also, I is not
pseudoprime since (x,0)(0, x) = (0,0), while (x,0) /∈ I and (0, x) /∈ I . Now we will show I cannot be written in the form
π−1

1 (I1) or π−1
2 (I1) for some primary ideal I1 of B . Suppose there is a primary ideal I1 of B such that I = π−1

1 (I1). Then
I1 = π1(I) = {a ∈ B: a � nx2 for some n}. Then π−1

1 (I1) = {(a,b) ∈ A: a � nx2, b � nx for some n} �= I . Similarly, there is no
primary ideal I1 of B such that I = π−1

2 (I1).
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5. Maximal and minimal prime ideals in finitely 1-convex f -rings

Our last two sections focus on several types of ideals in finitely 1-convex f -rings. As is the case with all f -rings, every
�-ideal of a finitely 1-convex f -ring is an ideal, but not every ideal in a finitely 1-convex f -ring is an �-ideal. However,
there are several classes of ideals of a finitely 1-convex f -ring that are necessarily �-ideals. These include maximal, prime,
semiprime, and z-ideals. As Theorem 8 indicates, finitely 1-convex f -rings are SV f -rings and have the bounded inversion
property, and it is well known that maximal ideals in f -rings with the bounded inversion property are �-ideals (see [4]).
By Theorem 5.9 of [12], every prime and every pseudoprime ideal of a semiprime SV f -ring with bounded inversion is an
�-ideal. Since semiprime ideals and z-ideals are intersections of prime ideals and intersections of �-ideals are �-ideals, it
then follows that semiprime and z-ideals of a finitely 1-convex f -ring are also �-ideals.

In this section we focus our attention on maximal ideals and minimal prime ideals in finitely 1-convex f -rings. We will
show that there are many maximal ideals in a finitely 1-convex f -ring that contain just one minimal prime ideal. That is,
for a large class of finitely 1-convex f -rings there is a dense open set of maximal ideals of rank 1 in Max(A) under the
hull-kernel topology.

First, we present a lemma to demonstrate that the ideals of the form π−1
k (Mk) need not all be distinct in a finitely

1-convex f -ring.

Lemma 16. Suppose A is a commutative semiprime f -ring with identity element. Suppose A is a finitely 1-convex f -ring constructed
from the 1-convex f -rings A1, A2, . . . , An such that A is �-isomorphic to a sub- f -ring of A1 × A2 × · · · × An and Mi is a maximal
ideal of Ai . Then for j �= i, πi(ker(π j)) ⊆ Mi if and only if M j = π j(π

−1
i (Mi)) is a maximal ideal of A j and π−1

i (Mi) = π−1
j (M j).

Proof. ⇒ Suppose j �= i and πi(ker(π j)) ⊆ Mi . Define M j = π j(π
−1
i (Mi)). Then M j is an ideal. We will show M j is a

maximal ideal of A j . Suppose p j ∈ A j − M j . Let p ∈ A such that π j(p) = p j . It follows from the definition of M j that
πi(p) /∈ Mi . Since Mi is a maximal ideal of Ai , there exists ri ∈ Ai and mi ∈ Mi such that riπi(p) + mi = πi(1). Let r,m ∈ A
such that πi(r) = ri , πi(m) = mi . Then πi(1 − rp − m) = 0 ∈ Mi , which implies π j(1 − rp − m) ∈ M j . Since π j(m) is also
in M j , this tells us that π j(1) is in the ideal generated by π j(p) and M j . Hence M j is a maximal ideal of A j .

Because A j is 1-convex, there is a unique minimal prime ideal – call it P j – of A j contained in M j . Then π−1
j (P j) is a

prime ideal of A. Next we will show π−1
j (P j) ⊆ π−1

i (Mi). Let p ∈ π−1
j (P j) and suppose πi(p) /∈ Mi . It follows that there is

an r,m ∈ A such that πi(m) ∈ Mi and πi(r)πi(p)+πi(m) = πi(1). Then πi(1− rp −m) = 0 ∈ Mi implies π j(1− rp −m) ∈ M j .
But because p ∈ π−1

j (P j) and πi(m) ∈ Mi implies π j(m) ∈ M j , this shows π j(1) ∈ M j , a contradiction. So πi(p) ∈ Mi and

π−1
j (P j) ⊆ π−1

i (Mi). Since the prime �-ideals containing π−1
j (P j) form a chain, and π−1

i (Mi), π−1
j (M j) are both maximal

�-ideals containing π−1
j (P j), it must be that π−1

i (Mi) = π−1
j (M j).

⇐ Suppose for some j �= i, that M j = π j(π
−1
i (Mi)) and π−1

i (Mi) = π−1
j (M j). Let qi ∈ πi(ker(π j)). There is a q ∈ ker(π j)

such that πi(q) = qi . Then π j(q) = 0 ∈ M j and hence q ∈ π−1
j (M j) = π−1

i (Mi). Then qi = πi(q) ∈ Mi . Thus πi(ker(π j)) ⊆
Mi . �

Our next theorem gives a condition under which a maximal ideal of a finitely 1-convex f -ring will have rank 1.

Theorem 17. Suppose A is a commutative semiprime f -ring with identity element. Suppose A is a finitely 1-convex f -ring constructed
from the 1-convex f -rings A1, A2, . . . , An such that A is �-isomorphic to a sub- f -ring of A1 × A2 × · · · × An and for some i that Pi
is the minimal prime ideal contained in the maximal ideal Mi of Ai . If for every j �= i one of the following two conditions are met, then
rankA(π−1

i (Mi)) = 1:

(1) πi(ker(π j)) � Mi .

(2) πi(ker(π j)) ⊆ Pi and π j(ker(πi)) ⊆ R j , where R j is the minimal prime ideal contained in M j = π j(π
−1
i (Mi)).

Proof. We will show every minimal prime ideal contained in π−1
i (Mi) is equal to π−1

i (Pi). Suppose first that π−1
i (Ri) is a

minimal prime ideal contained in π−1
i (Mi) for some minimal prime ideal Ri of Ai . Then Ri ⊆ Mi and since Pi is the unique

minimal prime ideal contained in Mi , Ri = Pi and π−1
i (Ri) = π−1

i (Pi).

Suppose next that π−1
j (R j) is a minimal prime ideal contained in π−1

i (Mi) for some j �= i and minimal prime ideal
R j of A j . Note that πi(ker(π j)) ⊆ Mi , since if qi ∈ πi(ker(π j)), there exists q ∈ A such that πi(q) = qi and π j(q) = 0 ∈ R j ,
which implies q ∈ π−1

j (R j) ⊆ π−1
i (Mi) and πi(q) = qi ∈ Mi . This implies that condition (2) in the statement of the theorem

must hold. So πi(ker(π j)) ⊆ Pi . By Lemma 16, π−1
i (Mi) = π−1

j (M j) where M j = π j(π
−1
i (Mi)) is a maximal ideal of A j .

Thus π−1
j (R j) ⊆ π−1

i (Mi) = π−1
j (M j) and it follows that R j ⊆ M j and R j is the minimal prime ideal contained in M j .

Define Ri = πi(π
−1
j (R j)) and P j = π j(π

−1
i (Pi)). It is easy to see that Ri is an ideal; we now show it is a prime ideal.

So suppose ai,bi ∈ Ai and aibi ∈ Ri . Then there exists a c ∈ π−1
j (R j) such that πi(c) = aibi and there exists a,b ∈ A such
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that πi(a) = ai , πi(b) = bi . Then c − ab ∈ ker(πi) and so by condition (2), π j(c − ab) ∈ R j . Since π j(c) ∈ R j , it follows
that π j(ab) = π j(a)π j(b) ∈ R j . Therefore π j(a) ∈ R j or π j(b) ∈ R j . This implies a ∈ π−1

j (R j) or b ∈ π−1
j (R j) and then

πi(a) = ai ∈ Ri or πi(b) = bi ∈ Ri . A similar argument shows P j is also a prime ideal of A j .
Since Pi is the unique minimal prime ideal contained in Mi and Ri ⊆ Mi , we have Pi ⊆ Ri . Suppose now that Pi �= Ri .

Then there is a pi ∈ Ri − Pi and there is a p ∈ A such that πi(p) = pi and π j(p) ∈ R j . If π j(p) ∈ P j , then there is an a ∈ A
such that π j(a) = π j(p) and πi(a) ∈ Pi . Then π j(a − p) = 0 and πi(a − p) ∈ πi(ker(π j)) ⊆ Pi . But since πi(a) ∈ Pi , this
would imply πi(p) = pi ∈ Pi , a contradiction. So, π j(p) /∈ P j . This implies P j �= R j , but P j ⊆ M j . Since R j is the unique
minimal prime ideal contained in M j , we have R j ⊆ P j , contrary to π j(p) ∈ R j − P j . Therefore, Pi = Ri .

Next we show that π−1
i (Ri) = π−1

j (R j). Let r ∈ π−1
i (Ri). Then πi(r) ∈ Ri and so there is an s ∈ A such that πi(s) = πi(r)

and π j(s) ∈ R j . Then π j(r − s) ∈ π j(ker(πi)) ⊆ R j . Since π j(s) ∈ R j , then π j(r) ∈ R j . So r ∈ π−1
j (R j) and π−1

i (Ri) ⊆ π−1
j (R j).

Now let r ∈ π−1
j (R j). By the definition of Ri , πi(r) ∈ Ri and r ∈ π−1

i (Ri). So π−1
i (Ri) = π−1

j (R j). We now have π−1
j (R j) =

π−1
i (Ri) = π−1

i (Pi).

By Theorem 12, every minimal prime ideal contained in π−1
i (Mi) is of the form π−1

k (Pk) for some k and some minimal

prime ideal Pk of Ak , and hence we have shown that any minimal prime ideal contained in π−1
i (Mi) is equal to π−1

i (Pi).

Thus, rankA(π−1
i (Mi)) = 1. �

The previous theorem allows us to characterize the rank of every maximal ideal in a homogeneously finitely 1-convex
f -ring.

Corollary 18. Suppose A is a commutative semiprime f -ring with identity element. Suppose A is a homogeneously finitely 1-convex
f -ring constructed from n copies of the 1-convex f -ring B and the semiprime ideal Q and that M is a maximal ideal of B.

(1) If Q � M, then rankA(π−1
i (M)) = 1.

(2) If P is the minimal prime ideal contained in M and Q ⊆ P then rankA(π−1
i (M)) = 1.

(3) If Q ⊆ M, P is the minimal prime ideal contained in M, and Q � P then rankA(π−1
i (M)) = n.

Proof. (1) is a direct consequence of the previous theorem since for all j �= i, πi(ker(π j)) = Q .
(2): Suppose Q ⊆ P . We will show that for all j �= i, condition (2) of the previous theorem is satisfied. If j �= i, then

πi(ker(π j)) = Q ⊆ P ⊆ M . Now by Lemma 16, M j = π j(π
−1
i (M)) is a maximal ideal of B . Then it is easy to see that M j = M

(in B). Then P is the minimal prime ideal contained in M j and π j(ker(πi)) = Q ⊆ P . Thus for all j �= i, condition (2) of the
previous theorem is satisfied and hence rankA(π−1

i (M)) = 1.
(3): If P ′ is any minimal prime ideal of B different from P , then since B is 1-convex, P ′ � M . Letting p′ ∈ P ′ − M , we see

the element p such that πk(p) = p′ for all k is contained in π−1
j (P ′) − π−1

i (M) and hence that π−1
j (P ′) � π−1

i (M) for

all j. So the only possible ideals that could be minimal prime ideals contained in π−1
i (M) are of the form π−1

j (P ), where

j = 1,2, . . . ,n. By Theorem 14, each π−1
j (P ) is a minimal prime ideal. Next, note that each of the π−1

j (P ) is contained in

π−1
i (M). For if p ∈ π−1

j (P ), then πi(p) − π j(p) ∈ Q ⊆ M and π j(p) ∈ P ⊆ M implies that πi(p) ∈ M and therefore that

p ∈ π−1
i (M). If j1 �= j2 and q′ ∈ Q − P , then the element q of A such that π j(q) = q′ when j = j1 and π j(q) = 0 when

j �= j1, is contained in π−1
j2

(P ) − π−1
j1

(P ). This shows that π−1
j1

(P ) �= π−1
j2

(P ) when j1 �= j2 and the ideals of the form

π−1
j (P ), for j = 1,2, . . . ,n are all distinct. We have found that there are exactly n minimal prime ideals of A contained

in π−1
i (M). Hence rankA(π−1

i (M)) = n. �
When X is a compact space that is finitely an F-space, there is a dense open set of points of X of rank 1 (see 5.16 in [5]).

That is to say, there is a dense open set of points of X for which the associated maximal ideal Mx = { f ∈ C(X): f (x) = 0}
has rank 1. In a compact space, every maximal ideal of C(X) is of the form Mx for some x ∈ X and there is a natural
homeomorphism between the maximal ideal space Max(C(X)) and X . Since a compact space X is finitely an F-space if
and only if C(X) is finitely 1-convex, the following theorem extends the result that in a compact space that is finitely an
F-space, there is a dense open set of points of rank 1. Recall that a commutative f -ring with identity element is semisimple
if the intersection of all its maximal ideals is {0} and that every C(X) is semisimple.

Theorem 19. Suppose A is a commutative semiprime f -ring with identity element. Suppose A is a finitely 1-convex f -ring constructed
from the 1-convex f -rings A1, A2, . . . , An such that A is �-isomorphic to a sub- f -ring of A1 × A2 × · · · × An and that each of the Ai
is semisimple. Then there is a dense open set of maximal ideals of rank 1 in Max(A) (under the hull-kernel topology).

Proof. Suppose A is finitely 1-convex and that each of the Ai are semisimple. Let V denote the set of maximal ideals of
rank 1. We will show that int(V ), the interior of V , is dense in Max(A) by showing that for each a ∈ A with a �= 0, hc(a)
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meets int(V ). So let a ∈ A with a �= 0. Let (a)d denote the annihilator of the principal ideal (a). For ease of notation, for any
i, j ∈ {1,2,3, . . . ,n} we let Q ij denote the ideal Q ij = πi(ker(π j)).

Suppose first that for all i, j with i �= j, π−1
i (Q ij) ⊆ (a)d . Since a �= 0, there is a k1 ∈ {1,2, . . . ,n} and a maximal ideal

Mk1 of Ak1 such that πk1 (a) /∈ Mk1 . Hence a /∈ π−1
k1

(Mk1 ) and hc(a) �= ∅. We will show hc(a) ⊆ V . Suppose π−1
k (Mk) ∈ hc(a),

where Mk is a maximal ideal of Ak . Then a /∈ π−1
k (Mk). To show that π−1

k (Mk) ∈ V , we show condition (2) of Theorem 17

is satisfied. Let Pk denote the minimal prime ideal contained in Mk . Then for all j �= k, π−1
k (Q kj) · (a) = {0} ⊆ π−1

k (Pk).

Since (a) � π−1
k (Pk), it must be that π−1

k (Q kj) ⊆ π−1
k (Pk) and hence Q kj ⊆ Pk . If M j = π j(π

−1
k (Mk)) then M j is a maximal

ideal of A j by Lemma 16 and π−1
j (Q jk) · (a) = {0} ⊆ π−1

j (R j) where R j is the minimal prime ideal contained in M j .

Now if a ∈ π−1
j (R j), then π j(a) ∈ M j and so there would exist b ∈ A such that πk(b) ∈ Mk and π j(b) = π j(a). This would

imply a − b ∈ π−1
k (Q kj) ⊆ (a)d and (a − b)a = 0. Then since a /∈ π−1

k (Mk) and π−1
k (Mk) is prime, we would have a − b ∈

π−1
k (Mk), a contradiction to the fact that b ∈ π−1

k (Mk) and a /∈ π−1
k (Mk). Thus a /∈ π−1

j (R j). Because π−1
j (Q jk) · (a) = {0} ⊆

π−1
j (R j) and a /∈ π−1

j (R j), it follows that Q jk ⊆ R j . We have shown for every j �= k that Q kj = πk(ker(π j)) ⊆ Pk and

Q jk = π j(ker(πk)) ⊆ R j ; that is, we have shown that condition (2) of Theorem 17 is satisfied, and therefore π−1
k (Mk) ∈ V .

So hc(a) ⊆ V and because hc(a) is open, hc(a) ⊆ int(V ).
Next suppose that there is an i, j with i �= j and π−1

i (Q ij) � (a)d . Let B = {Q i1 j1 , Q i2 j2 , . . . , Q im jm } denote a maximal

set of the Q ij such that π−1
i1

(Q i1 j1 ) · π−1
i2

(Q i2 j2 ) · π−1
i3

(Q i3 j3 ) · · ·π−1
im

(Q im jm ) · (a) �= {0}. Let z ∈ π−1
i1

(Q i1 j1 ) · π−1
i2

(Q i2 j2 ) ·
π−1

i3
(Q i3 j3 ) · · ·π−1

im
(Q im jm ) · (a) with z �= 0. It follows from the hypothesis that each Ai is semisimple and z �= 0 that

hc(z) �= ∅. We will show hc(z) ⊆ V . Suppose π−1
k (Mk) ∈ hc(z) for some k and maximal ideal Mk of Ak . To show that

π−1
k (Mk) ∈ V , we show one of the two conditions of Theorem 17 is satisfied. Let Pk denote the minimal prime ideal con-

tained in Mk . Then for all j �= k such that Q kj ∈ B, we have Q kj � Mk since z ∈ π−1
k (Q kj) − π−1

k (Mk). So for all j �= k
such that Q kj ∈ B, the first condition of Theorem 17 is satisfied. Suppose now that j �= k and Q kj /∈ B. By our choice of B,
we have π−1

k (Q kj) · (π−1
i1

(Q i1 j1 ) · π−1
i2

(Q i2 j2 ) · π−1
i3

(Q i3 j3 ) · · ·π−1
im

(Q im jm ) · (a)) = {0} ⊆ π−1
k (Pk). Since π−1

k (Pk) is a prime

ideal and π−1
i1

(Q i1 j1 ) · π−1
i2

(Q i2 j2 ) · π−1
i3

(Q i3 j3 ) · · ·π−1
im

(Q im jm ) · (a) � π−1
k (Mk), it must be that π−1

k (Q kj) ⊆ π−1
k (Pk) and

hence Q kj ⊆ Pk ⊆ Mk . Now suppose M j = π j(π
−1
i (Mi)) and R j is the minimal prime ideal contained in M j . By Lemma 16,

π−1
k (Mk) = π−1

j (M j). Now if q ∈ π−1
j (Q jk) then π j(q) ∈ Q jk and so there is an r ∈ A such that π j(r) = π j(q) and πk(r) = 0.

Then q − r ∈ π−1
j (M j) = π−1

k (Mk) and since r ∈ π−1
k (Mk), we must have q ∈ π−1

k (Mk). Thus π−1
j (Q jk) ⊆ π−1

k (Mk). This

means that Q jk /∈ B, for if Q jk were in B, we would have z ∈ π−1
j (Q jk) − π−1

k (Mk) which would imply π−1
j (Q jk) �

π−1
k (Mk) = π−1

j (M j), a contradiction. Then π−1
j (Q jk) · (π−1

i1
(Q i1 j1 ) · π−1

i2
(Q i2 j2 ) · π−1

i3
(Q i3 j3 ) · · ·π−1

im
(Q im jm ) · (a)) = {0} ⊆

π−1
j (R j). But since π−1

j (R j) ⊆ π−1
j (M j) = π−1

k (Mk) and π−1
i1

(Q i1 j1 ) ·π−1
i2

(Q i2 j2 ) ·π−1
i3

(Q i3 j3 ) · · ·π−1
im

(Q im jm ) ·(a) � π−1
k (Mk),

we have π−1
j (Q jk) ⊆ π−1

j (R j) and Q jk ⊆ R j . So for all j �= k such that Q kj /∈ B, we have shown that Q kj = πk(ker(π j)) ⊆ Pk

and Q jk = π j(ker(πk)) ⊆ R j ; that is we have shown condition (2) of Theorem 17 is satisfied. Now for all j �= k, we have
shown that one of the conditions of Theorem 17 is satisfied. Therefore π−1

k (Mk) ∈ V and hc(z) ⊆ V . Since hc(z) is open,
hc(z) ⊆ int(V ). By our choice of z, hc(z) ⊆ hc(a). It follows that hc(z) ⊆ int(V ) ∩ hc(a); so hc(a) meets int(V ). �

We conclude this section with an example to demonstrate that the hypothesis that the Ai be semisimple cannot be left
out of the previous theorem.

Example 20. Let A be the finitely 1-convex f -ring defined in Example 15. The f -ring A satisfies all of the hypotheses of the
previous theorem except the hypothesis that B is semisimple. Then 〈x〉 is the unique maximal ideal of B and M = 〈x〉 × 〈x〉
is the unique maximal ideal of A. The maximal ideal M contains two minimal prime ideals: {0} × 〈x〉 and 〈x〉 × {0}. So the
maximal ideal space of A consists of a single maximal ideal and has no element of rank 1.

6. Sums of semiprime, prime, primary, and z-ideals

We now turn to look at the sums of several types of ideals.
A commutative f -ring satisfies the 2nd-convexity property if for any u, v ∈ A such that v � 0 and 0 � u � v2, there

exists a w ∈ A such that u = w v .

Theorem 21. Let A be a commutative semiprime f -ring with identity element. Suppose A is a finitely 1-convex f -ring constructed
such that at each stage of the construction, the surjective �-homomorphisms map to a semiprime f -ring. Then:

(1) A satisfies the 2nd-convexity property.
(2) The sum of any two semiprime ideals of A is a semiprime ideal.
(3) The sum of any two prime ideals of A is a prime ideal.
(4) The sum of any two primary �-ideals of A is a primary �-ideal.
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Proof. First we show that if A1, A2 are 1-convex f -rings, B is a semiprime f -ring and A = A1 ×B A2, then A satisfies
the 2nd-convexity property. Suppose that 0 � (a1,a2) � (b1,b2)

2 in A. Then for i = 1,2, 0 � ai � b2
i in Ai and since

Ai is 1-convex, there is a wi ∈ Ai such that ai = wib2
i and 0 � wi � 1. Now in B , 0 = φ1(a1) − φ2(a2) = φ1(w1b2

1) −
φ2(w2b2

2) = φ1(w1)φ1(b2
1) − φ2(w2)φ2(b2

2) = φ1(w1)φ1(b2
1) − φ2(w2)φ1(b2

1) = [φ1(w1) − φ2(w2)][φ1(b1)]2. Since B is
semiprime, [φ1(w1) − φ2(w2)]φ1(b1) = 0. It follows that 0 = [φ1(w1) − φ2(w2)]φ1(b1) = φ1(w1)φ1(b1) − φ2(w2)φ1(b1) =
φ1(w1)φ1(b1) − φ2(w2)φ2(b2) = φ1(w1b1) − φ2(w2b2). Hence (w1b1, w2b2) ∈ A and (a1,a2) = (w1b1, w2b2)(b1,b2).

Next we show that if A1, A2 are finitely 1-convex f -rings, each satisfying the 2nd-convexity property, B is a semiprime
f -ring and A = A1 ×B A2, then A satisfies the 2nd-convexity property. Suppose that 0 � (a1,a2) � (b1,b2)

2 in A. Then for
i = 1,2, 0 � ai � b2

i in Ai and since Ai satisfies the 2nd-convexity property, ai = wibi for some wi ∈ Ai . We may assume that
0 � wi � bi for each i. Then 0 = φ1(a1) − φ2(a2) = φ1(w1b1) − φ2(w2b2) = φ1(w1)φ1(b1) − φ2(w2)φ2(b2) = φ1(w1)φ2(b2) −
φ2(w2)φ2(b2) = [φ1(w1) − φ2(w2)]φ2(b2). Now B is semiprime, and so by 9.3.1 of [1], [φ1(w1) − φ2(w2)]φ2(b2) = 0 im-
plies |φ1(w1) − φ2(w2)| ∧ |φ2(b2)| = 0. However, since each 0 � wi � bi , we have |φ1(w1) − φ2(w2)| � |φ(b2)| in B .
So 0 = |φ1(w1) − φ2(w2)| ∧ |φ2(b2)| = |φ1(w1) − φ2(w2)|. Thus, φ1(w1) − φ2(w2) = 0. So (w1, w2) ∈ A and (a1,a2) =
(w1, w2)(b1,b2). Hence A satisfies the 2nd-convexity property.

Part (2) now follows from the fact that in a finitely 1-convex f -ring, every semiprime ideal is an �-ideal and from
Corollary 2.3 of [10], which shows that an f -ring with the 2nd convexity property also has the property that the sum of
any two semiprime �-ideals is a semiprime �-ideal. Part (3) follows from part (2) and the fact that in a commutative f -ring,
a semiprime �-ideal that contains a prime ideal is prime. Part (4) now follows from Theorem 3.3 of [9], which states that
in a commutative semiprime f -ring with identity element that satisfies the 2nd-convexity property, the sum of any two
primary �-ideals is primary. �

We note that Theorem 4.4 of [8] asserts that in an f -ring satisfying the 2nd-convexity condition, the product of two
�-ideals is an �-ideal. So, in a finitely 1-convex f -ring satisfying the hypothesis of Theorem 21, the product of two �-ideals
is an �-ideal.

The hypothesis that the surjective �-homomorphisms map to a semiprime f -ring cannot be omitted from the previous
theorem as is shown by our next example and in fact, the following theorem will show that for many finitely 1-convex
f -rings, if the surjective �-homomorphisms used in constructing a finitely 1-convex f -ring do not map to a semiprime
f -ring then there must be two semiprime (prime) ideals whose sum is not semiprime (prime).

Example 22. Let R[x] denote the ring of polynomials over the reals in one indeterminate. Totally order R[x] lexicographically,
so that 1 � x � x2 � · · · . Now let B = { p

q : p,q ∈ R[x], q(0) �= 0 and q > 0} under the usual addition and multiplication of

quotients of polynomials and under the order induced by the order on R[x]. That is, p1
q1

� p2
q2

if and only if p1q2 � p2q1.

Then B is a totally ordered 1-convex f -ring. Let Q = { p
q ∈ B: p � nx3 for some natural number n}. Let A = {( f , g) ∈

B × B: f − g ∈ Q }. Then in A, 0 � (x3, x4) � (x, x)2, but it is impossible to write (x3, x4) = (
p
q , r

s )(x, x) for some (
p
q , r

s ) ∈ A.

So A does not satisfy the 2nd-convexity property. The ideals π−1
1 ({0}) and π−1

2 ({0}) are prime ideals of A and hence are
also semiprime ideals, but their sum is not prime or semiprime.

The following theorem goes a step further than the previous example by showing that for many finitely 1-convex f -
rings, the sum of any two semiprime (prime) ideals of A is semiprime (prime), only if the construction of the fibre product
employs surjective �-homomorphisms with a semiprime kernel.

Theorem 23. Let A be a commutative semiprime f -ring with identity element. Suppose A = A1 ×B A2 , where A1, A2 are finitely
1-convex f -rings and φ1 : A1 → B, φ2 : A2 → B are two �-homomorphisms mapping onto an f -ring B. If in A, the sum of any two
semiprime (prime) ideals of A is semiprime (prime), then B is a semiprime f -ring.

Proof. Suppose that B is not a semiprime f -ring and φ1 : A1 → B and φ2 : A2 → B are surjective �-homomorphisms and
the sum of any two semiprime ideals of A is a semiprime ideal. Then the ideal ker(φ1), is not semiprime and there exists
x1 ∈ A1 such that x1 /∈ ker(φ1), but x2

1 ∈ ker(φ1). Let x ∈ A such that π1(x) = x1. Assume that x = (x1, x2). Since x2
1 ∈ ker(φ1)

and φ1(x1) = φ2(x2), then x2
2 ∈ ker(φ2). Hence (x2

1,0), (0, x2
2) ∈ A. Now in A, let I1 = π−1

1 ({0}) and I2 = π−1
2 ({0}). Then

I1, I2 are semiprime ideals of A and (x1, x2)
2 = (x2

1, x2
2) = (0, x2

2)+ (x2
1,0) ∈ I1 + I2. Since by hypothesis, I1 + I2 is semiprime

and (x1, x2)
2 ∈ I1 + I2, then (x1, x2) ∈ I1 + I2. But this means (x1, x2) = (0, y2) + (y1,0) for some (0, y2) ∈ I1, (y1,0) ∈ I2.

Then x1 = y1, x2 = y2, and yet this is impossible since φ1(0) �= φ2(x2) and φ1(x1) �= φ2(0) implies (0, x2), (x1,0) /∈ A. This
contradiction shows that ker(φ1),ker(φ2), and B must be semiprime.

Under the stated hypotheses, every semiprime ideal and every prime ideal is an �-ideal. By Theorem 2.2 of [10], if in an
f -ring the sum of two prime �-ideals is prime then the sum of two semiprime �-ideals is a semiprime �-ideal. It follows
from our work above and these facts that if in A, the sum of any two prime ideals of A is prime, then B is a semiprime
f -ring. �
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As shown in [10], an f -ring with the 2nd-convexity property does not necessarily have the property that the sum of two
z-ideals is a z-ideal. However, we will be able to show that many homogeneously finitely 1-convex f -rings do. We start by
showing this for a commutative semiprime 1-convex f -ring with identity element.

Lemma 24. Let A be a commutative semiprime 1-convex f -ring with identity element. Then in A the sum of any two z-ideals is a
z-ideal.

Before proving this lemma and the following Theorem 25, we note that Corollary 2.5 of [10] states that in a commutative
f -ring with identity element, the sum of any two minimal prime �-ideals is a prime z-ideal if and only if the sum of any
two z-ideals which are �-ideals is a z-ideal. In light of Theorem 21 and the fact that under the hypotheses of this lemma
and theorem, prime ideals and z-ideals are �-ideals, it will be sufficient to prove that the sum of two minimal prime ideals
is a z-ideal.

Proof. Suppose A is a commutative semiprime 1-convex f -ring with identity element. Then every maximal ideal of A
contains a unique minimal prime ideal (since every maximal ideal of a 1-convex f -ring has rank 1 by Theorem 5.6 of [12]).
Suppose that Q , Q ′ are distinct minimal prime ideals of A. Then Q , Q ′ are contained in distinct maximal ideals of A.
If Q + Q ′ were a proper ideal, then it would be contained in a maximal ideal M , which would imply that Q , Q ′ ⊆ M .
But this would say that M does not contain a unique minimal prime ideal, a contradiction. So Q + Q ′ = A, which is a
z-ideal. �

We are now ready to show that in many homogeneously finitely 1-convex f -rings, the sum of two z-ideals is a z-ideal.

Theorem 25. Let A be a commutative semiprime f -ring with identity element. Suppose A is a homogeneously finitely 1-convex f -ring
constructed from n copies of the 1-convex f -ring B and the z-ideal Q of B. Then the sum of any two z-ideals of A is a z-ideal.

Proof. Let Q be a z-ideal of B and suppose A = {(a1,a2, . . . ,an) ∈ ∏n
i=1 B: ai −a j ∈ Q for all i, j}. Again it will be sufficient

to show that the sum of two minimal prime ideals of A is a z-ideal. So suppose R, R ′ are minimal prime ideals of A.
We may assume that either R = π−1

1 (P ), R ′ = π−1
1 (P ′) or R = π−1

1 (P ) and R ′ = π−1
2 (P ′) for minimal prime ideals P , P ′

of B . Suppose first that R = π−1
1 (P ), R ′ = π−1

1 (P ′) for minimal prime ideals P , P ′ of B . Then R + R ′ = π−1
1 (P ) + π−1

1 (P ′).
It is straightforward to show that π−1

1 (P ) + π−1
1 (P ′) = π−1

1 (P + P ′). In B , the ideal P + P ′ is the sum of two minimal
prime ideals which are z-ideals, and hence P + P ′ is a z-ideal by the previous lemma. Then by Theorem 11 (6), R + R ′ =
π−1

1 (P ) + π−1
1 (P ′) = π−1

1 (P + P ′) is a z-ideal.
Next suppose that R = π−1

1 (P ) and R ′ = π−1
2 (P ′) for minimal prime ideals P , P ′ of B . Suppose that M A(x) = M A(y)

and x ∈ π−1
1 (P )+π−1

2 (P ′). Then x = p +q for some p ∈ π−1
1 (P ) and q ∈ π−1

2 (P ′). Then π1(p) ∈ P , and since π2(p)−π1(p) ∈
Q , π2(p) ∈ P + Q . Similarly, π1(q) ∈ P ′ + Q and π2(q) ∈ P ′ . So πi(x) ∈ P + Q + P ′ for i = 1,2. Since P , P ′, Q are z-
ideals, by hypothesis P + Q + P ′ is a z-ideal of B . Since by Theorem 12, every maximal ideal of A has the form π−1

i (M)

for a maximal ideal M of B , it follows that M B(πi(x)) = M B(πi(y)) for each i. Hence πi(y) ∈ P + Q + P ′ for i = 1,2.
Then π1(y) = p1 + q1 + r1 for some p1 ∈ P , q1 ∈ Q , and r1 ∈ P ′ . Now π2(y) = π1(y) + q2 = p1 + q1 + r1 + q2 for some
q2 ∈ Q . Then let w be the element of A for which π2(w) = p1 + q1 + q2 and πi(w) = p1 for all i �= 2; and let v be
the element for which π1(v) = q1 + r1, π2(v) = r1, and πi(v) = πi(y) − p1 for all i �= 1,2. It is easy to see that w ∈ A.
Also, since for i �= 1,2, there exists qi ∈ Q such that πi(y) = π1(y) + qi , we have π1(v) − πi(v) = q1 + r1 − πi(y) + p1 =
q1 + r1 − (p1 + q1 + r1 + qi) + p1 = −qi ∈ Q and it follows that v ∈ A. Then y = w + v . Since π1(w) = p1 ∈ P , w ∈ π−1

1 (P )

and since π2(v) = r1 ∈ P ′ , v ∈ π−1
2 (P ′). So y ∈ π−1

1 (P ) + π−1
2 (P ′) = R + R ′ . �

A situation similar to that for sums of semiprime ideals in commutative semiprime f -rings with an identity element that
are finitely 1-convex holds. That is, for commutative semiprime f -rings with an identity element that are homogeneously
finitely 1-convex, the sum of every two z-ideals can be a z-ideal only if the construction of the fibre product employs
surjective �-homomorphisms with a kernel that is a z-ideal.

Theorem 26. Let A be a commutative semiprime f -ring with identity element. If A is a homogeneously finitely 1-convex f -ring
constructed from n (n � 2) copies of the 1-convex f -ring B and semiprime, but non-z-ideal Q of B then there are two z-ideals of A
whose sum is not a z-ideal.

Proof. Suppose A is a homogeneously finitely 1-convex f -ring constructed from n copies of the 1-convex f -ring B and
semiprime, but non-z-ideal Q of B . Then there exists a′,b′ ∈ A such that a′ ∈ Q while b′ /∈ Q and M B(a′) = M B(b′). Since
Q is a semiprime ideal, it is the intersection of prime ideals. So, there is a prime ideal P ′ such that Q ⊆ P ′ and b′ /∈ P ′ . Let
P ⊆ P ′ be a minimal prime ideal. Then π−1

1 (P ),π−1
2 (P ) are z-ideals of A since P , being a minimal prime ideal of B , is a

z-ideal of B and by Theorem 11. We now consider π−1
1 (P ) + π−1

2 (P ). Let a,b, c,d ∈ A be the elements where πi(a) = a′
and πi(b) = b′ for i = 1,2, . . . ,n; π2(c) = a′; πi(c) = 0 for i = 1,3,4, . . . ,n, and π2(d) = 0, πi(d) = a′ for i = 1,3,4, . . . ,n.
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Then a = c + d and c ∈ π−1
1 (P ), while d ∈ π−1

2 (P ). Hence a ∈ π−1
1 (P ) + π−1

2 (P ). Because M B(a′) = M B(b′) and every
maximal ideal of A has the form given in Theorem 12, it follows that M A(a) = M A(b). However, we will show that
b /∈ π−1

1 (P ) + π−1
2 (P ). Suppose to the contrary that b = s + t where s ∈ π−1

1 (P ) and t ∈ π−1
2 (P ). Then π1(s),π2(t) ∈ P . This

implies π1(t) ∈ P + Q and so π1(b) = π1(s)+π1(t) ∈ P + P + Q = P + Q ⊆ P ′ . This contradicts the fact that π1(b) = b′ /∈ P ′ .
Therefore b /∈ π−1

1 (P ) + π−1
2 (P ) and π−1

1 (P ) + π−1
2 (P ) is not a z-ideal. �

We conclude with a concrete example of a homogeneously finitely 1-convex f -ring in which there are two z-ideals
whose sum is not a z-ideal.

Example 27. Let βN denote the Stone–Čech compactification of the natural numbers N. Let B = C(βN). Then B is a 1-convex
f -ring. In B , let Q = { f ∈ C(βN): | f |N(x)|n � m · 1

x for some natural numbers m,n}. Then Q is a semiprime ideal of B . But
Q is not a z-ideal since if we define h : N → R by h(x) = ∑∞

i=1
1

2n ( 1
x )1/n , g : N → R by g(x) = 1

x and let hβ, gβ : βN → R
denote the continuous extensions of h, g to βN, then hβ /∈ Q , gβ ∈ Q . However, M(hβ) = M(gβ) since every maximal ideal
of βN is of the form Mx = { f ∈ βN: f (x) = 0} for some x ∈ βN and the functions hβ, gβ have the same zerosets (i.e. βN−N).
By the previous theorem, the finitely 1-convex f -ring A = {( f1, f2) ∈ B × B: f1 − f2 ∈ Q } has two z-ideals whose sum is not
a z-ideal. In fact, if we let α ∈ βN−N, and Pα denote the minimal prime ideal of B defined by Pα = { f ∈ B: Z( f ) contains a
neighborhood of α}, then Pα is a z-ideal of B and hence π−1

1 (Pα), π−1
2 (Pα) are z-ideals of A. However, π−1

1 (Pα)+π−1
2 (Pα)

is not a z-ideal since (gβ, gβ) = (0, gβ) + (gβ,0) ∈ π−1
1 (Pα) + π−1

2 (Pα) and M((gβ, gβ)) = M((hβ,hβ)) while (hβ,hβ) /∈
π−1

1 (Pα) + π−1
2 (Pα).
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