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Abstract

The Double Handcuff and K* graphs can be generalized to a single family of spatial
graphs by adding a variable number of twists between two edges. We can identify
spatial graphs by calculating a quotient of the fundamental quandle, known as an

N-quandle, which is a spatial graph invariant. In this paper, we prove that the
N-quandle associated with this family of spatial graphs is finite when all but two
edges are given a label of 2, and the remaining two edges are assigned labels from the
natural numbers. To prove that the N-quandle is finite, we produce Cayley graphs
for each of the N-quandle components, providing corresponding proofs and analysis.
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CHAPTER 1

Introduction

1.1. Spatial Graphs

A graph G consists of a set V' of vertices and a set E of edges which connect
distinct vertices. These graphs can be directed or undirected, but for our purposes
we will focus on the former. A spatial graph is a finite graph embedded in R?, and
as such can be considered a generalization of knots, which are simple closed curves
in R?, and links, which are collections of one or more knots which may overlap but
may not intersect. One important distinction between spatial graphs and these other
topological objects is that spatial graphs allow for the existence of intersections, which
result in vertices.

We can represent three dimensional spatial graphs in two dimensions using dia-
grams, which project the image of a graph from R3 to R2. To differentiate between
intersections, where two edges of a graph physically meet at a vertex, and crossings
in which two non-intersecting edges overlap in the projection, we represent the lower
curve of a crossing as broken. An example of a diagram of a knot, link, graph and
spatial graph is presented in Figure 1.

) Knot ) Link (¢) Graph (D) Spatial graph

F1GURE 1. Knot, link and graph diagrams

One important question in topology and knot theory is how to distinguish spatial
graphs. As Figure 2 demonstrates, diagrams do not uniquely identify spatial graphs,
since the edges of the graph can be transformed and twisted so as to change the
number of crossings without changing the fundamental structure of a spatial graph.
In this paper, we will explore alternative approaches to identifying a topological
object.
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(A) No crossings (B) One crossing (¢) Four crossings

FIGURE 2. Various representations of Kj.

(B) Complete K4

(A) Double Handcuff

FIGURE 3

In particular, we will consider two well known graphs: the Double Handcuff Graph
(Figure 3a) and the Complete (K4) Graph (Figure 3b). We can add k twists between
the a and b edges in each graph to generate a corresponding spatial graph, which now
is embedded in R3. The direction of the twists is depicted in Figure 4. Note that
these two graphs can be generalized to have the same form as depicted in Figure 5,
where GG is a tangled double handcuff graph when k is even and it is a tangled K4
graph when k is odd.

1.2. Quandles, n-Quandles and N-Quandles

To distinguish spatial graphs, we must rely on a spatial graph invariant. One such
invariant is the fundamental quandle of a spatial graph.



FIGURE 4. k twists between the a and b edges.

A quandle is defined as a set @Q with two binary operators, > and >~! which
satisfy the following three axioms:

(H)Vee@Q,z>ar=ux
(2) \V/ZL‘,yGQ, (J:Dy)bily:x
(3) Vz,y,2€Q, (z>y)>z=(x>2)> (y> 2)

Alternatively, quandle operators can be denoted with exponential notation such
that ¥ = o >y and 2% = 2 >"! y. For the remainder of the paper, we will utilize
exponential notation.

We assign quandle structure to spatial graphs by defining relationships at the
crossings and vertices of the graph. Consider a spatial graph G with vertices V' and
edges E, some of which may be knotted or linked. The generators of its fundamental
quandle, @), are the arcs (i.e. the portions of edges between crossings) of G. We define
relationships between these elements at the points where they cross and intersect.
First we will describe the relationship at crossings. Consider an arc x; that crosses
over a component, splitting it into arcs, x; on the left and x; on the right. We then
say that z; = 3, > ;. Next, we will describe the relationship at vertices. Consider n
arcs, ai, as, - - - a, which are ordered counter-clockwise and meet at a vertex v. Then,

(x> ay)>?ay)--->"a, =2 YreQ

FIGURE 5. A complete/double-handcuff graph with a block of k twists.



where ¢; = 1 when a; points out of v and ¢; = —1 otherwise. These relationships are
illustrated in Figure 6.

A subset C' C Q is called a component of @ if it is closed under > and >~' such
that for all x,y € C, x>y € C and x>~y € C. Note that multiple generators may
be in the same component.

.’17,- T

Xj = Xk > X (x> a)>2a)--->"ap=x

(x is any element of the quandle)

FIGURE 6. Relations of the quandle at crossings and vertices.
Using these relationships, we can prove three lemmas that we will use throughout
the remainder of the paper.
LEMMA 1.1. For all x,y,z € Q,
2V = 7Y

PRrROOF. By the second axiom of quandles,

@)Wz — o

2V = 2%V
O
LEMMA 1.2. For all x,y,z € Q,
2W7) — 7y
PROOF. The second axiom of quandles gives us that (27)° = z, so 2 =

((z%)#)¥"). By the third axiom of quandles,
(%)) = ((%)")" = 2

Therefore, V7)) = 27¥7 O



LEMMA 1.3. For all x,y,z € Q,

2 W) = 7Yz

PROOF. By Lemma 1.2, ") = 7% Moreover, by Lemma 1.1, 27%* = z7%% =
7Y%, Thus, W) = 27¥%, O
Although the fundamental quandle is a spatial graph invariant, it is infinitely large
for all spatial graphs except the unknot and the Hopf Link, and therefore fundamental
quandles are almost as difficult to identify as spatial graphs themselves.
To partially address this, we can define a quotient of the fundamental quandle,
called an n-quandle, which appends an additional axiom to the three quandle axioms:
4. Vr,y € Q, 2¥") = x for some n € N
A more generalized form of the n-quandle is called an N-quandle. Suppose that
a quandle, ), has k distinct components, C;, Cy, ..., Cy. Then, the N-quandle of G
has the property
4. Yz € Q, )" = g for all generators s; € C;, where 1 < i < k and N =
{n1,na,...nx} is a set of natural numbers.

Depending on the choice of N, the N-quandle of a given spatial graph may be
finite, which allows for graphs to be distinguished from each other.



CHAPTER 2

Proof of Finite N-Quandle of Twisted Double Handcuff and
Complete Graph

2.1. Introduction to Twisted Double Handcuff and Complete Graph

In this section, we will prove that the Twisted Double Handcuff Graph and
Twisted Complete Graph, which we previously showed can be generalized to a spatial
graph G of the same form in Figure 5, have a finite N-Quandle, denoted Qx(G). Ob-
serve that Q) v (G) has six generators, a, b, ¢, d, e, f. We will show that the (2,2, nq, no, 2, 2)-
quandle of (G is finite for all ny,no € N. In particular,

|QN(G)| = 2]{?711 + 2kn2 + 4k:n1n2

First, we will give a presentation for Qn(G). Our choice of N = (2,2, n1,n9,2,2)
gives us six primary relations, namely,

o 2% =1 Vz € Qn(G)
¥ =z Yz € Qn(G)
" =2 Vr € Qn(G)
¥ =1z Vr € Qn(G)
¢ =z Vr € Qn(G)
o =z Vo e Qn(G)
Notice that this implies that z* = 2% for all w € {a, b, e, f}. Next, we will utilize the
relations given by Figure 6 to identify any secondary relations present in the graph.
We can use the crossing relations to determine the N-quandle elements assigned to
the two left-most arcs of G in terms of a, b and k.

LEMMA 2.1. Let x denote the outer arc on the left side of G and let y denote the
inner arc. When k is even,

T = ba(ba)T

y = abo)?
When k is odd,
T = a(b“)%
y = ba(ba)%

Proor. We will prove the result using induction. The process described below is
demonstrated graphically in Figure 1.
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— baahaha

=baba

= aaba

FiGURE 1. Quandle relations on twists.

Base case: Using the crossings relations, when £ = 1, x = a and y = 0%, and when
k=2 z=>0b"and y = a) = a®* = a** by Lemma 1.2. Thus, the base cases hold.

Inductive step: Now suppose that for an odd number of twists k,
k—1

zy, = alt? ?

k—1
Yp = ba(ba) 2
Then for k + 1 twists,

k=1 (k+1)—2
Tpp1 = Yp = ba(ba) 2 ba(ba) 2

Yk+1 = x,(f’k)

k‘gfl a(ba) ’igi
_ (a(ba) )b

k—1 k—1 k-1
a(ba) "2 a(ba) 2 ba(ba) 2

k—1 k—1
_ a(ba) "2 (ab) 2 aba(ba) 2

_ b0

Therefore, the result holds by induction for the odd to even case. Using the same
logic, we get that result also holds for the even to odd case. 0

The newly labelled graphs are given in Figure 2a when k& is even and Figure 2b
when k is odd.

Now, we can apply the vertex relations at the four vertices to get four secondary
relationships that must hold for all =z € Qn(G):



patba)*! ) i
aba) a b alba) patval a b
c d c d
(A) Labelling on G when £ is even, where (B) Labelling on G when k is odd, where
k _ k-1
FIGURE 2
o 2%l =z ¥z € Qn(G)
o 2" =1 Vr e Qn(G)
o @)t — 1 vp e Qun (@)
° xc(ab)kflaf =z Vx € QN(G)

The last two relations hold for both the even and odd case since

k

oL b)% a(ba) b b)*ac b)* T (ab)a(ba) T patea) T
¢ c _ xe(a) a(ba)2c _ xe(a) ac _ xe(a) (ab)a(ba) ¢ — ¢ ¢

and

1},&(17(1)%71 b %*15, b 51
e f o yeatba)S " ba(ba) 571

_ — xc(ab)%a(ba)gflf — xc(ab)k_laf

k=1 k-1 k1
c(ab) 2 a(ba) 2 f _ xca(ba) 2 f

These relations yield the following quandle presentation for @y (G):

Qn(G) = {a,b,c,d,e, [ | 2 =x, 2" =p,2" =0, 2" =2,2" = 2,2 =2
'I,aea _ Zl',l'bd? _ :L,,:Ee(ab)kaé — :E’l,c(ab)k’laf _ $> (1)

To show that Qn(G) is finite, we will utilize a method developed by Winker,
which relies on the construction of a Cayley graph of Qn(G) [1] and is described in
detail in [2]. The Cayley graph associated with an N-quandle is finite if and only if
the N-quandle is finite, where the vertices of the graph represent the unique elements
of the quandle, and the edges represent relations between these elements. In other
words, if two vertices, x and y of the Cayley graph are connected by an edge labelled
as a, it implies that ¢ = y.

In the following sections, we will prove that the Cayley graph associated with
Qn(G) is finite, with 2kny +2kns +4kningy vertices. More specifically, @y (G) consists
of six components, each generated by one of the six generators of Qn(G). The four



components associated with a, b, e and f have size knins. The component associated
with ¢ has 2knsy vertices and the component associated with d has 2kn vertices.

2.2. Important Relationships

Before proving the size of the N-quandle, we define several important lemmas
that will prove useful in later sections.

LEMMA 2.2. For any element x € Q,

2 — pdb — f

. p—
° l’db — J?bd
° xad — xda = ¢
° l.da — xad

PROOF. Given that 70 = x,

1% — iCd
(l,a)(ae) — xa)d
¢ = xad

ad

Thus, we obtain that, 2° = 2% so 2¢ = z%%. Therefore,

l,ad — :L,da
xadad —
xdadad — CL’d
xdadadﬁ — mda
l,dada —
a:da — xa&
Similarly, given that z*¥ = I, 2 = f and 2% = 9% = 2f = 2f. Then,
pbdbd oy qdbdb o odb _ bd 0
Notice that this lemma implies that z* = zded = gdad and gb = gdbd — gdbd

Therefore,

LEMMA 2.3. For any element x € @,

pab — pdabd _ o dabd _ ef

ProoOF. By Lemma 2.2,

ab

200 — p(dad)(dbd)

xdabd — l,ef

Similarly,

ab

2% — x(a ad ) (dbd)

— xdabd — xef



LEMMA 2.4. For any element x € @,
l,(ab)k — QTEE _ :L,(ef)’C

clab)*af — 2 we see

PROOF. Given the initial relationship z
v — pela)taf
_ pelab)*(ba)af
_ xc(ab)kbf
= @D (Lemma 2.2)

_ xc(ab) kd

Therefore, z(@" = 224 = 2N by Lemma 2.3. O

LEMMA 2.5. For all x € Q,

ProoF. By Lemma 2.4,

k
T = xc(ab) d

— 7@ (T emma 2.3)
_ ch(ab)kad

_ a:cd(ab)’C

= 2°? (Lemma 2.4)

LEMMA 2.6. For w € {a,b,e, f} and for all z € Q,

i g —i7]
iL‘Cd wo__ ch d

Proor. We will prove the conclusion for a, b, e and f separately.

First consider the case when w = a. Observe that

i igi—1 igi—1,7
Z'Cda:.’ll'Cd (da):xcd ad

by Lemma 2.2. We can repeat this process j times to obtain g Pa = gead)  Now

observe that the relationship gelab)tae — o yields the following equations:
¢ = xe(ab)ka
¢ a(ba)ke

r =T



Therefore,
pldla _ g cladl

— yle(ab)*a]'ad
plea(ba)*]'ad?
_ plead(ba)*d)'ad? (Lemma 2.3)
= glee®a) dl'ad’ (T omma 2.2)
plba)*d)iad?
_ ylaa(ba)*d]'ad

_ xa[a(ba)ka a)’d?

gelaba)te'd? (Lemma 2.2)

actd?

Next, consider the case when w = b. Notice that

i g igi—1 i gi—1p7
¢ @b _ € d?~1(db) 7€ d’~tbd

by Lemma 2.2. We can repeat this process j times to obtain z¢4? = 2% Also,
observe that the relationship gelab) el — o yields

2° — fb(ba)*

2¢ = 2!

ab)kbf
Then,
LC P ctbd
— L fb(ba)*]*bd”
_ $[bdb(ba)k]ibﬁj
_ bldb(ba)*b)'d’

_ bld(ab))idd

_ bldd (ab)*d)'d?
= M@ (Lemma 2.2)

=g
o IL‘bC d

Next, consider the case when w = e. Notice that

i gj igi—1 igi—1.7
JZCde:LUCd (de):xcd ed



by Lemma 2.2. We can repeat this process j times to obtain g e = geled’ Then,

i i ]
mcde:xced

_ x[e(ab)ka]iegj

— x[ea(ba)k}iegj

xe[a(ba)ke]iaj

_ eeidd

Finally, consider the case when w = f. Observe that
OV AT _ eidifd

by Lemma 2.2. We can repeat this process j times to obtain ol = g Then,
:L,cidjf — :L,cifaj
L CONER

W COME

. i gj i
Therefore in all cases, z¢%* = gwe'd’

2.3. The a and b Components

In this section we will first show that the size of the a-component in the quandle
Q) has size knins. To illustrate the structure of the component, Figure 3 presents a
Cayley graph representation of the a-component of the quandle when ny = 3, ny, = 2
and k = 4. The Cayley graph is distinctly divided into k layers, each with niny points,
such that there are a total of knin, points, as desired. Each of these layers has a
torus-like structure, a diagram of which is presented in Figure 4. There are n; vertical
cross-sections of the torus, representing the c-edges, and ny horizontal cross sections
representing the d-edges. Each torus can also be represented by a square using its
identification space, as displayed in Figure 4. The set of tori are then connected by
alternating pairs of a/e and b/ f edges.

The torus structure of each level is given by Lemma 2.5, which tells us that
x¢%d — x. This relationship gives us the ¢ and d square patterns in Figure 4. The
alternating pairs of a/e and b/ f edges between the tori can be explained by the initial

relationships 2%¢ = x and 2*¥ = z. Since 2% = z, we can start at any point in a

torus, move up to the following torus along a b-edge, travel horizontally along a d-edge
of the torus, and return to the original point via an f-edge. The same occurs with
a/e edges. Thus, the behavior of the Cayley graph at and between tori is accounted
for.



FicUure 3. Cayley graph of the a-component when n; = ny = 3 and
k=4.

Therefore, the remainder of this section will explain the behavior at the bottom
and top most tori. At the bottom-most torus, which contains the a-element, b and
f-edges serve as connectors to the following torus. By Theorem 2.1 and Theorem 2.2,
the a and e-edges on the bottom torus connect to a different point within the same

torus.

THEOREM 2.1. For alli,j > 0,

This theorem follows immediately from Lemma 2.6.

THEOREM 2.2. For alli,j > 0,



FIGURE 4. Each a-component contains k tori as depicted above. The
torus above would be found in a graph where ny = 3 and ny = 2.
Each torus has n; vertical cross sections (represented in red) and ns
horizontal cross section (represented in green). The intersections of the
cross sections are the points of the Cayley graph. The torus can also be
represented using its square identification space, where opposite points
are identified (e.g. the bottom left point is identified with the top left,
top right, and bottom right points.)

PROOF. Lemma 2.6 gives us that a®%¢ = q°¢'4’ . Therefore
g )

= ¢"*'¥  (Lemma 2.2)

="' (Lemma 2.5)



The top-most torus varies depending on whether k£ is even or odd. When £ is
even, b and f-edges again serve as connectors between the torus and the one below it.
Theorem 2.3 and Theorem 2.4 again indicate that the a and e-edges connect to other
points on the torus. When £ is odd, a and e-edges now serve as connectors between
the torus and the one below it. Theorem 2.5 and Theorem 2.6 demonstrate that the
b and f-edges connect to other points on the torus.

THEOREM 2.3. When k is even,
a(ba)gflbcidia _ a(ba)gflbziflajfl
ProOF. By Lemma 2.6,
a(ba)gflbcidfa _ a(ba)%*lbaziaf _ a(ba)%é’ﬁj

Therefore,
By i E_i—s
a(ba)2 be'dla a(ba)2c d

— a(b“)%(ad)aiflmfl (Lemma 2.5)

) @) T 2.4)

kE_. .-
Smi—1g5—1
_ a(ab)2c d

_ a(ba)%—lbziflajfl

O
THEOREM 2.4. When k is even,
a(ba)g_lbcidje _ a(ba)g_lbéi*131*2
PrROOF. By Lemma 2.6,
(ba)gflbcidje (ba)gflbaéiaj_l (ba)%éigj_l
a = Qa =
Also using the same argument as in Theorem 2.3, we can see that
a(ba)gﬁiﬁj*1 _ a(ba)g_lbéiflﬁj”
Therefore,
a(ba)gflbcidje _ a(ba)g’lbéi—laj—Q
O

THEOREM 2.5. When k is odd,

k-1 . k-1 . .
ba) 2 c'dib _ (ba) 2 citldit!

al al



ProoF. By Lemma 2.6,
i At beig
a(ba) ctdib _ a(ba) betd
Therefore,
a(ba)%;lcidjb (ba) = bcldj

(ab)"E*

—q cidJ

ket =
— a(ab) (dc)c“’ldﬂ'1
(ab) (ba)’C itlgit+1

(ba)k——’“§ Zitlgitl

(ba) bt gitigi

O
THEOREM 2.6. When k is odd,
(ba) - c’de (ba) Ertgitigs
Proor. By Lemma 2.6,
(ba) 2 czd]f a(ba) 2 fcldJ
Therefore,
(ba) T chJf (ba) o fc’dﬂ
_ (ba) S pdeidi
— a(ba) 2 bcldj 1
Therefore, using the same logic as in Theorem 2.5,
(ba) e c’djf (ba) e bc’dﬂ 1 (ba) e c""ldﬂ
O

Therefore, every element in the a-component belongs to an n; X ny sized torus
and there are k such tori. Furthermore, it is easy to verify that all secondary relations
are satisfied. Therefore, the a-component has knins elements.

To verify that the b-component also has knins elements, we can easily check that
there is an automorphism between the Graph A (left) and Graph B (right) in Figure 5,
where a maps to b, d maps to ¢ and e maps to f. Therefore, the b-component must
have the same size as the a-component.



FIGURE 5. On the basis of isotopic moves, we can transform Graph A
(left) into Graph B (right).

2.4. The ¢ and d Components

Next, we will show that the d-component in Qx(G) has 2kn; elements. Again,
we illustrate the component using a Cayley graph in Figure 6. The Cayley graph of
the d-component consists of 2k nj-cycles of ¢, connected by alternating a/b and e/ f
edges. Every vertex has a d-loop at it.

FIGURE 6. Cayley graph of the d-component of Qn(G) when ny = 3,
ny = 2 and k = 4.

First, we will prove the existence of the d-loops at every vertex.

THEOREM 2.7. For 1 > 0,
° d(ab)id — d(ab)i
° d(ab)iad —_ d(ab)ia



Proor. We will prove this result using induction. For the base case, note that
by Lemma 2.2, d* = d%¢ = 4, so

dabd — d(ad)bd — dad(ab) _ dab (2)
Furthermore, using our result from (2),

dabad _ d(abd)ad _ dabd(aa) _ daba (3)
Therefore, the base cases hold.

Now, assume that d(@'d = (@)’ and g(@)'ad — j@b)'a Thep,
d(ab)i'Hd — d(ab)iabd

_ d(ab)iagb

= d®)'® (Inductive Hypothesis)
— b (4)
Moreover,
d(ab)i‘Had _ d(ab)“'laa

_ d(ab)i"'la

using our result from (4). Therefore, d®)'¢ = d(@®" and d@¥'ed = J@b)'e Ly mathe-
matical induction.

O

Next, Theorem 2.8 and Theorem 2.9 justify the cyclical a/b and e/ f pattern, and
show that it is closed.

THEOREM 2.8. For alli > 0,
d(ab)ia _ d(ab)ie

@) — j(ab)'f

d(ab)i _ d(ab)iae

A — qlab)'af

PROOF. By Theorem 2.7, d@'e = d(a)'ad = g(ab)'e yging the relationship goed =
x. Moreover, d(@)" = qab)'d — glab)'ae

Similarly, using the relationship 2 = 1, we see d@)'? = dab’db — g(ab)'f  ©More-
over, d(ab)iJrl — d(ab)zabd — d(ab)’af_

O

THEOREM 2.9.
A" =g



Proor. First, we will show that for i > 0, d®" = d@™  The case for i = 1 can

be inferred directly from Theorem 2.10. Now suppose that for i = j, d® = d(ab)’*
Then,

dEJ'+1 _ d Je _ d(ab)jkE
By the base case,
Jlaby*e _ gab)*(ab)* _ g(ab)’*tE - (ab)IH Dk

Therefore, the result holds by mathematical induction. From here, it is easy to see
that

A" =" =d
O
The ni-cycle structure for the ¢ edges is justified by the fact that ¢ has order ny
such that 2¢"' = x for all 2 € Qn(G). Theorem 2.10 explains how these ¢ cycles are

embeded into the graph’s structure. In particular, ¢ connects any vertex with the
vertex (ab)* away from it.

THEOREM 2.10. For all i > 0,

i+k

d(ab)iE _ d(ab)

PROOF. Given that z(®)" = 229 by Lemma 2.4,

d(ab)’C _ dEa
d(ab)kd —
A" = g° (5)

by Theorem 2.7. Thus,

d(ab)iE _ d(ab)i (ab)¥
itk

— ((ab)

O
Thus, every element in the d-component can be written as d@" or d(@'e for some
i € N. Moreover, d@™" = d so there can only be 2nik such possible elements.
Furthermore, it is easy to verify that all secondary relations are satisfied. Therefore,
the d-component has 2kn; elements.

To verify that the c-component has 2kny elements, Figure 7 demonstrates that
we can rotate GG such that the ¢ edge assumes the position of the d edge in a graph
G’ that is isotopic to GG. Therefore, using the same procedure as above on G’, we can
show that the ¢ component must have 2kn, elements.
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FIGURE 7. By rotating G 180 degrees along the y-axis, we obtain an
isotopic graph.

2.5. The e and f Components

In this section we will show that the size of the e-component in the quandles has
size kny. Figure 8 presents a Cayley graph of the e-component, which has a structure
very similar to the a-component, but with different behavior on the top and bottom
torus.

Theorem 2.11 and Theorem 2.12 explain the behavior of the N-quandle at the
bottom-most torus containing the e element.

THEOREM 2.11. For alli,j >0,
6c"dja — eaiﬁﬂl
PROOF. Lemma 2.6 gives us that '@ = eoe'd’

i g —i7j
ecda :eac d

. Therefore,

= ' (Lemma 2.2)

=44 (Lemma 2.5)

THEOREM 2.12. For all 1,7 > 0,

i g —i7j
ecde_ecd

This theorem follows immediately from Lemma 2.6.
Theorem 2.13, Theorem 2.14, Theorem 2.15 and Theorem 2.16 explain the behav-
ior of the N-quandle at the top-most torus.



THEOREM 2.13. When k is even,
QT ddia _ (fo) T pei1ad
Proor. By Lemma 2.6,
QO e _ (fo) L aridd _ (fe)E T fed)e'dd _ (o) Beiait!

Therefore,

(e S ddia _ (fe)

THEOREM 2.14. When k is even,

foysticdie _ (fe)8 T feimtai

e(

Ficure 8. Cayley graph of the e-component when n; = ny, = 3 and
k= 4.



ProoF. By Lemma 2.6,

e(fe)gflfcidie _ e(fe)g’lfeE’Ej _ e(fe)%aiaj

Therefore,
Qe fedie _ (fe)Sear

plfol @dyer—1a (Lemma 2.5)
_ e fentei-iai (Lemma 2.4)

k_ . .=
plen¥ei-tai

et fei1ai

THEOREM 2.15. When k is odd,

(fe) 2 cldjb (fe) 7 c”’ldﬁ'2

Proor. By Lemma 2.6,

(fe) 7 c’djb (fe) e bcldj

Therefore,

(fe) 2 chb (fe) 2 bczd]
(fE)%fEEiﬁj

(fe) T e

olen Feiain
(ef) = (clc)ci'"'laj'*'2
(oD E (fe)keit1ai?

ot sieizsns

((fe) T eitigste

THEOREM 2.16. When k is odd,

Q) T A _ () T e i



ProoF. By Lemma 2.6,
Q) T (fe)" T feiad
Therefore,
k=1 . k=1 _
Qo) T ddif _ (fe) T feidl
oo

k+1 =
6(fe)T (de)eitiditl

(o) (fereitiast

e

_ o T et

O

Therefore, every element in the e-component belongs to an n; x ns sized torus and
there are k such tori. Furthermore, it is easy to verify that all secondary relations are
satisfied. Therefore, the e-component has knin, elements.

To verify that the f-component also has knin, elements, we can again use the
automorphism from Figure 5.

2.6. Conclusion

We conclude that Qn(G) has 2kng + 2kny 4+ 4kniny elements and is therefore
finite.
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